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Equivariant algebraic K-theory of G-rings
Mona Merling
Abstract
A group action on the input ring or category induces an action on the algebraic K-theory
spectrum. However, a shortcoming of this naive approach to equivariant algebraic K-theory
is, for example, that the map of spectra with G-action induced by a G-map of G-rings is not
equivariant. We define a version of equivariant algebraic K-theory which encodes a group
action on the input in a functorial way to produce a genuine algebraic K-theory G-spectrum
for a finite group G. The main technical work lies in studying coherent actions on the input
category. A payoff of our approach is that it builds a unifying framework for equivariant
topological K-theory, Atiyah’s Real K-theory, and existing statements about algebraic K-
theory spectra with G-action. We recover the map from the Quillen-Lichtenbaum conjecture
and the representational assembly map studied by Carlsson and interpret them from the
perspective of equivariant stable homotopy theory.
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1 Introduction
AlgebraicK-theory of rings is an intensely studied invariant because of its deep commections
with algebraic geometry and number theory. The study of algebraic K-theory is linked to
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equivariant stable homotopy theory: one of the main computational approaches is approximating
K-theory by topological cyclic homology, which in many cases can be computed using tools of
genuine S1 equivariant stable homotopy theory. However, these methods do not take into
account an inherent action on the input ring (or category). The aim of this paper is to study
algebraic K-theory from the genuine equivariant perspective: we construct and study a genuine
algebraic K-theory G-spectrum in the case when a finite group G acts on the input ring.
Galois group actions have provided organizing principles for studying algebraic K-theory.
It has long been suspected that the K-theory of a field should be computable in terms of the
K-theory of the algebraic closure and the action of the absolute Galois group – one of the early
Quillen-Lichtenbaum conjectures was that the map from fixed points to homotopy fixed points
of naive G-spectra is an equivalence after p-completion. Thomason later showed that in order
to obtain an equivalence one needs to invert a “Bott” element in K-theory and reduce mod a
prime power. The concept of descent and the Quillen-Lichtenbaum conjecture has motivated
Carlsson’s program to study the K-theory of fields in terms of the representational assembly
map for a Galois extension E/F induced by tensoring a G-representations over F with E. In
this paper we provide the framework that allows us to interpret these maps as maps of genuine
G-spectra or their fixed points, thus making the tools of stable equivariant homotopy theory
directly available for the study of K-theory.
We describe our philosophy for defining equivariant algebraic K-theory. If the input has a
G-action, this induces a G-action on the category that one builds algebraic K-theory out of.
For example, if R is a G-ring, then the category of finitely generated projective R-modules and
isomorphisms isoP(R) has a G-action: for a module M , gM is defined by twisting the scalar
multiplication on R by g. One similarly obtains a G-action on the category of modules over
a G-ring spectrum R. However, by applying the nonequivariant constructions to this category
with G-action, we obtain just a spectrum with G-action, and not a genuine G-spectrum – the
K-theory G-space we obtain has deloopings with respect to all spheres Sn with trivial G-action,
but it does not deloop with respect to representation spheres SV . We need to modify these
categories with G-action to turn them into “genuine” G-categories, very loosely speaking. We
try to make this more precise in the next paragraphs.
Nonequivariantly, the algebraic K-theory space of R is defined as the group completion of
the classifying space of the symmetric monoidal category isoP(R), and this space is delooped
using an infinite loop space machine such as the operadic one developed by May in [May72] or
the one based on Γ-spaces developed by Segal in [Seg74]. These nonequivariant machines are
equivalent by a celebrated theorem of May and Thomason [MT78]. The Segalic infinite loop
space machine has been generalized equivariantly by Shimakawa in [Shi89], and the operadic
infinite loop space machine has been generalized equivariantly by Guillou and May in [GM], to
give genuine Ω-G-spectra with zeroth space the group completion of the input category. We
describe these machines in §5 where we use them, and we note that we have shown in [MMO] that
when fed equivalent input, they produce equivalent G-spectra. But, the input these equivariant
infinite loop space machines take is not simply symmetric monoidal categories with G-action –
their input is genuine symmetric monoidal G-categories. Genuine permutative G-categories have
been defined in [GM] as algebras over an equivariant version of the Barrat-Eccles operad, and we
have defined genuine symmetric monoidal G-categories as pseudo algebras over the same operad
in [GMMO]. We will not dwell on this since all the genuine symmetric monoidal G-categories
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we consider in this paper arise in the concrete way described in the following paragraph.
Definition 1.1. Let G˜ be the category with objects the elements of G and a unique morphism
between any two objects, with G acting by translation on the objects and diagonally on the
morphisms. For a G-category C , let Cat(G˜,C ) be the category of all functors and all natural
transformations, with G acting by conjugation.
Note that G˜ is G-isomorphic to the translation category of G, and its classifying space BG˜
is equivalent to the total space EG. If C is a symmetric monoidal category with G-action,
then it turns out that Cat(G˜,C ) is an example of a genuine symmetric monoidal G-category,
and therefore, it is input for the equivariant infinite loop space machines. We will show that
replacing a symmetric monoidal category with G-action C with Cat(G˜,C ) not only makes it a
genuine symmetric monoidal category, but it also fixes coherence issues that arise equivariantly.
Even if the action does not preserve the symmetric monoidal structure strictly, but only up to
coherent isomorphism, this can be rectified after applying Cat(G˜,−).
We define the equivariant algebraic K-theory G-spectrum KG(R) of a G-ring R as the Ω-
G-spectrum obtained by applying one of the equivariant infinite loop space machines to the
category Cat(G˜, isoP(R)). We summarize some of the properties of KG(R) that we prove.
Theorem 1.2. For finite groups G, the assignment
R 7→ KG(R)
can be extended to a functor from G-rings and G-maps to genuine (connective) Ω-G spectra,
with the following properties
1. For the topological rings C and R with trivial G-action for any finite group G,
KG(C) ≃ kuG and KG(R) ≃ koG,
where kuG and koG are connective versions of equivariant topological K-theory;
2. For the topological ring C with C2 conjugation action
KC2(C) ≃ kr,
where kr is a connective version of Atiyah’s Real K-theory;
3. If |H |−1 ∈ R, then
KG(R)
H ≃ K(RH [H ]),
where RH [H ] is the twisted group ring;
4. For a Galois extension of rings R→ S with Galois group G,
KG(S)
G ≃ K(R);
5. KG is invariant under a suitable notion of equivariant Morita equivalence;
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6. For a finite Galois extension with group G, the map from fixed points to homotopy fixed
points of genuine G-spectra
KG(E)
G −→ KG(E)
hG
is equivalent to the map from fixed points to homotopy fixed points of naive G-spectra
K(F )→ K(E)hG from the Quillen-Lichtenbaum conjecture.
7. For a finite Galois extension with group G, the representational assembly map defined by
Carlsson
K(RepF [G])→ KF
is the fixed point map of a G-map of genuine G-spectra
KG(F ) −→ KG(E).
In order to deduce the first two results about topological rings, we connect the definition
that we give of equivariant algebraic K-theory to equivariant bundle theory. Nonequivariantly,
Quillen’s plus construction BGL(R)+ is the zeroth component of the group completion of the
monoid of classifying spaces of principal GLn(R)-bundles. Equivariantly, we show that the K-
theory space (which we define in terms of the G-category of projective modules) is also equivalent
to the equivariant group completion of the monoid of, in this case, equivariant GLn(R)-bundles.
For this we use the models for equivariant bundles that we have found in [GMM]. This connection
allows us to recover equivariant topological real and complex K-theory, and Atiyah’s Real K-
theory as examples of our construction.
For the rest of the results stated above, we need to analyze the fixed point spectrumKG(R)
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for subgroups H ⊆ G. One of the formal properties of the equivariant infinite loop space
machines is that they commute with fixed points, so our task amounts to studying the fixed
point categories Cat(G˜,C )H for suitable G-categories C . By analogy with the homotopy fixed
point set of a G-space, we define the homotopy fixed points of a G-category C as the fixed point
category Cat(G˜,C )G, which we introduce and study in §2. This is the category of G-equivariant
functors and natural transformations, which Thomason called the lax limit of the category C in
[Tho83]. However, we shift perspective: our philosophy is to work with the equivariant object
Cat(G˜,C ), as opposed to just restricting attention to its fixed points. We don’t merely study
the H-fixed points of Cat(G˜,C ), which are the H-homotopy fixed points of C , but we also
study how homotopy fixed point categories relate, and for this it is convenient to study G-maps
between the G-categories Cat(G˜,C )→ Cat(G˜,D).
In §4 we study the homotopy fixed point categories of module categories of G-rings and then
we exploit these results in §5, §6, and §7 to draw the conclusions about the equivariant algebraic
K-theory of G-rings described above. As an accidental corollary of our results about homotopy
fixed points of module categories, we obtain an alternative proof of Serre’s generalization of
Hilbert’s theorem 90, which we give in §6.2. The proof in the same spirit of Deligne’s alternative
proof of the original statement of Hilbert 90 from [Del77] using faithfully flat descent.
One property that one would expect of the homotopy fixed points of a category (which also
justifies the name) is that they are homotopy invariant. We show that this is so.
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Proposition 1.3. A G-map, which is a nonequivariant equivalence of categories, induces equiv-
alences of categories on homotopy fixed points.
Another property of the Cat(G˜,−) construction, which is more surprising maybe, and which
is at the heart of our results is that it turns maps for which equivariance holds up to isomorphism
into on the nose equivariant maps. In §3, we define the notion of a pseudo equivariant functor
between G-categories as a functor which commutes with the G-action only up to coherent iso-
morphism. Very precisely, if one regards G-categories as functors G→ Cat, then an equivariant
map of G-categories is a natural transformation between these and a pseudo equivariant map is
a pseudo natural transformation. The main result of that section is as follows.
Proposition 1.4. Given a pseudo equivariant functor of G-categories C → D , there is an
induced on the nose equivariant functor Cat(G˜,C )→ Cat(G˜,D), so there are induced maps on
homotopy fixed point categories C hH → DhH for all subgroups H of G.
We showcase some of the applications of the result about pseudo equivariant functors. For
example, the extension of scalars map between the module categories of G-rings (with actions
defined a few paragraphs above) along a G-map of rings, is not equivariant, but only pseudo
equivariant. Because this allows us to construct an on the nose equivariant functor after ap-
plying Cat(G˜,−) to our module categories, we can ensure that we actually get a functor from
the category of G-rings to the category of G-spectra. The definition of equivariant Morita
equivalence given in §4.6, which equivariant algebraic K-theory is invariant under, is also in
terms of a pseudo equivariant functor. We have claimed above that applying Cat(G˜,−) rec-
tifies an action that preserves the symmetric monoidal structure of a category C to an ac-
tion that preserves it strictly. This is also an application of the same result: the functor
C × C → C that gives the symmetric monoidal structure is pseudo equivariant.
In upcoming work with C. Malkiewich [MM] we extend this work on equivariant algebraicK-
theory – we define and study equivariant A-theory, and Proposition 1.4 is essential for studying
Waldhausen G-categories. The fixed point categories of a Waldhausen category CH are not
Waldhausen, because the action does not preserve the zero object or the pushouts strictly,
and the result that a pseudo equivariant functor can be strictified to an equivariant functor
after applying Cat(G˜,−) allows us to show that the homotopy fixed point categories C hH are
Waldhausen categories. Moreover, using the Proposition 1.4 we show in [MM] how one gets
transfer “wrong way” maps between the homotopy fixed point categories, and use them to
construct one version of equivariant A-theory as a “spectral Mackey functor.” We point out that
C. Barwick has also given a definition of equivariant K-theory in [Bar] using “spectral Mackey
functors,” in the setting of ∞-categories, and we hope we will be able to give a comparison in
the future.
We conclude the introduction with two technical remarks. Note that everywhere we need
to take classifying spaces of categories that are clearly not small. Nonequivariantly, it is always
assumed in K-theory that when we take the classifying space of a category which is not small,
such as P(R), F (R), or Mod(R), we are tacitly replacing the category by a small category,
which is equivalent to it, such as its skeleton. The situation is a little trickier equivariantly,
because we do not have an equivariant equivalence between a G-category and its skeleton.
This is too much to hope for; however, we show in §4.4 that there is a weak G-equivalence
Cat(G˜, isoF (R)) ≃ Cat(G˜,G L (R)). In §4.5 we generalize this to any G-category – this is
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even more subtle because unlike in the case of free modules where we show that Rn ∼= gRn, in
general, an object C is not necessarily isomorphic to gC. We show that for a G-category C ,
we can put a G-action on the skeletal category skC , such that we get a weak G-equivalence
Cat(G˜,C ) −→ Cat(G˜, skC ). This suffices for our applications, because in equivariant algebraic
K-theory we are only taking classifying spaces of G-categories of the form Cat(G˜,C ).
We end with a remark about the group G. All of our categorical work on homotopy fixed
points of G-categories works for any topological group G. However, in order to pass the state-
ments to the spectrum level, we have to restrict to finite groups because of the limitations of the
equivariant infinite loop space machines. We do hope that these limitations can be overcome in
the near future, at least for profinite groups.
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2 Homotopy fixed points of a category
By analogy with the homotopy fixed points for a G-space we define the homotopy fixed
points of a G-category. These were also studied by Thomason under the name “lax limit” in
[Tho83]. However, we take an equivariant point of view: for us, the homotopy fixed points are
the actual fixed points of a G-category, and we study this equivariant object as opposed to just
restricting attention to the fixed points.
2.1 Preliminaries on G-categories
Concisely, a G-category can be defined as a functor G→ Cat. Explicitly, the data of such a
functor is a category C , and for each g ∈ G, an endofunctor (g·) : C → C such that (e·) = idC
and (g·) ◦ (h·) = (gh)·. By slight abuse, we will often call the category C a G-category, which
means we are implicitly thinking of the action endofunctors (g·). Sometimes we might omit
the “·” from the notation and write gC or gf to denote the action of g on an object C or a
morphism f . A natural transformation of functors G→ Cat translates to a functor between the
two G-categories which commutes with the G-action. We denote the category of G-categories
and G-equivariant functors by GCat.
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For subgroups H ⊆ G, we define the H-fixed point category CH of a G-category C as the
subcategory with objects those C ∈ C such that hC = C and morphisms those f ∈ C such
that hf = f for all h ∈ H . This definition coincides with the categorical definition as limH C
when we think of C as a functor G → Cat. A crucial fact is that the classifying space functor
B : Cat→ Top commutes with fixed points, namely
B(CH) = (BC )H . (1)
Definition 2.1. A functor between G-categories F : C → D is a weak G-equivalence if it induces
a weak G-equivalence on classifying spaces BF : BC → BD .
2.2 GCat as a 2-category
We may view Cat as the 2-category of categories, with 0-cells, 1-cells, and 2-cells the cat-
egories, functors, and natural transformations. From that point of view, Cat is enriched over
itself: the internal hom, Cat(A ,B), is the category whose objects are the functors A → B and
whose morphisms are the natural transformations between them.
Similarly, we may view GCat as the underlying 2-category of a category enriched over GCat.
The 0-cells are G-categories, and the internal hom between them is the G-category Cat(A ,B).
Its underlying category is Cat(A ,B), and G acts by conjugation on functors and natural trans-
formations. Thus, for F : A → B, g ∈ G, and A either an object or a morphism of A ,
(gF )(A) = gF (g−1A). Similarly, for a natural transformation η : E → F and an object A of A ,
(gη)A = gηg−1A : gE(g
−1A)→ gF (g−1A).
The category GCat(A ,B) of G-equivariant functors and G-equivariant natural transformations
is the same as the G-fixed category Cat(A ,B)G.
Remark 2.2. We can topologize the definitions so far, starting with the 2-category of categories
internal to the category Top, together with continuous functors and continuous natural transfor-
mations. A topological G-category A is a category internal to the cartesian monoidal category
GTop. It has object and morphism G-spaces and continuous G-equivariant source, target, iden-
tity and composition structure maps respecting the usual category axioms. These are more
general than (small) topologically enriched categories, which have discrete sets of objects.
2.3 The functor Cat(G˜,−) and homotopy fixed points of categories
Definition 2.3. For a topological group G, define G˜ to be the topological G-groupoid with
object space G and morphism space G × G. The source and target maps are the projections
onto the two factors.
Thus the objects of G˜ are the elements of G and there is a unique morphism between any
two objects. We choose to label the unique morphism g → h by the pair (h, g) in order to be
consistent with [GMM]. The idea is that reversing the order of source and target makes the
notation for composition more transparent: (g, h) ◦ (h, k) = (g, k). The G-action on G˜ is given
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by translation on the objects, which forces it to be diagonal on morphisms, since g(h → k),
namely g(k, h) must be the unique map gh→ gk, namely (gk, gh).
Definition 2.4. Define the translation category of G of G in the standard way as having object
space G and morphism space G×G, with the morphism h→ gh labeled by (g, h).
Again, since there is a unique morphism between any two objects, the G-action on objects
by translation completely determines the action on the morphism space: G acts on the second
coordinate of G×G. The following lemma follows immediately from the fact that G×G with
G acting diagonally and G×G with G acting on the second coordinate are G-homeomorphic.
Lemma 2.5. The translation category G is G-isomorphic to the category G˜.
Remark 2.6. The category G˜ is an instance of the more general concept of chaotic category
corresponding to a space. There is a chaotic category functor from spaces to categories (actually,
to groupoids), sending a space X to the category X˜ with object space X and morphism space
X ×X ; there is a unique morphism between any two objects in X˜. The relevant point is that
the object functor is right adjoint to the chaotic category functor, and in particular, we have a
homeomorphism between the mapping spaces
Cat(C , X˜) ∼= Map(ObC , X). (2)
Similarly, the translation category G of G is an instance of the more general notion of
translation category of a G-space. For a G-set, or a G-space X , we denote by X the translation
category of X with objects the points of X and morphisms (g, x) : x → gx. However, as we
have seen, the concepts of chaotic and translation category agree for G up to G-isomorphism.
Thus, it is harmless to think of G˜ as the translation category of G. For a more comprehensive
treatment of both chaotic and translation categories, we refer the reader to [GMM].
We make the following crucial observation.
Observation 2.7. The classifying space BG˜ is G-equivalent to the universal principal G-bundle
EG since G˜ is a contractible category (every object is initial and terminal) and it has a free
G-action.
We have a functor Cat(G˜,−) from G-categories to G-categories, which sends a G-category C
to the category of functors and natural transformations Cat(G˜,C ), withG-action by conjugation,
as described in section 2.2. This is a topological category when C is such. In view of Section 2.2,
Cat(G˜,−) can be viewed as a 2-functor. Observe that the functor Cat(G˜,−) is corepresented
and is thus a right adjoint. Therefore it preserves all limits; in particular it preserves products,
which will be crucial to our applications.
The equivariant projection G˜→ ∗ to the trivial G-category induces a natural G-map
ι : A ≃ Cat(∗,A )→ Cat(G˜,A ), (3)
which is always a nonequivariant equivalence of G-categories, but not usually a G-equivalence.
However, as observed in [GM], the functor Cat(G˜,−) is idempotent:
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Lemma 2.8. For any G-category A ,
ι : Cat(G˜,A )→ Cat(G˜,Cat(G˜,A ))
is an equivalence of G-categories.
By analogy with the definition of homotopy fixed points of G-spaces, we make the following
definition.
Definition 2.9. The homotopy fixed points of a G-category C , denoted by C hG, are defined
as Cat(G˜,C )G, namely the G-equivariant functors G˜ → C and the G-natural transformations
between these.
Observation 2.10. Note that H˜ and G˜ are equivalent as H-categories since they are both H-free
contractible categories. Therefore we can identify
Cat(G˜,C )H = HCat(G˜,C )) ≃ HCat(H˜,C ) = Cat(H˜,C )H .
Consequently, for any H ⊆ G, we can unambiguously define the H-homotopy fixed points of
a G-category C as either Cat(G˜,C )H or by applying the definition above of homotopy fixed
points to C , regarded as an H-category. And conveniently, for any statement that we wish to
prove holds for H-fixed points Cat(G˜,C )H for any H ⊆ G, it is enough to prove it for G-fixed
points Cat(G˜,C )G as long as G is arbitrary.
2.4 Explicit description of homopy fixed point categories
We describe explicitly the category of equivariant functors and equivariant natural transfor-
mations GCat(G˜,C ). Any G-fixed functor F : G˜ → C is determined on objects by where the
identity e of G gets mapped to since F (g) = g ·F (e). On morphisms, F is determined by where
it sends morphisms of the type (g, e) since F (g, h) = h ·F (h−1g, e). We have that F (e, e) = idC ,
where idC is the identity morphism of the object C ∈ C and F (e) = C. The following cocycle
condition is also satisfied:
F (gh, e) = F (gh, g)F (g, e) = g · F (h, e)F (g, e).
We summarize this discussion in the following result, which gives an explicit description of
the homotopy fixed point category of a G-category C .1
Proposition 2.11. The objects of the homotopy fixed point category C hG = GCat(G˜,C ) are
pairs (C, f) where C is an object of C and f : G→ Mor(C ) is a map from G to morphisms of
C such that f(g) : C → g ·C and f satisfies the condition f(e) = idC and the cocycle condition
f(gh) = (g · f(h))f(g). (4)
A morphism (C, f) → (C′, f ′) is given by a morphism α : C → C′ in C such that the
1This explicit description is also given in more concise terms in [Tho83].
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following diagram commutes for any g ∈ G :
C
α

f(g) // g · C
g·α

C′
f ′(g) // g · C′
However, the alternative cocycle condition
f(gh) = f(g)(g · f(h)) (5)
is the standard one, which will appear in all of our applications. For instance, this is the
condition that yields a crossed homomorphism when C is a group, whereas condition (4) yields
a crossed antihomomorphism, which is less customary.
We show that changing condition (4) to the usual cocycle condition (5) is inoffensive since
it yields an isomorphic category. The proof is a straightforward generalization of the proof of
Lemma 4.13 in [GMM], which is the special case where the category C is a group.
Proposition 2.12. There is an isomorphism of categories between the homotopy fixed point
category C hG = GCat(G˜,C ) and the category described as follows. The objects are pairs (C, f)
where C is an object of C and f : G→ Mor(C ) is a map from G to morphisms of C such that
f(g) : g · C → C and f satisfies the condition f(e) = idC and the cocycle condition
f(gh) = f(g)(g · f(h)).
A morphism (C, f) → (C′, f ′) is given by a morphism α : C → C′ in C such that the
following diagram commutes for any g ∈ G:
g · C
g·α

f(g) // C
α

g · C′
f ′(g) // C′
Proof. We explicitly construct the isomorphism between the category described in Proposi-
tion 2.12 to the category described in Proposition 2.11. The construction of the inverse isomor-
phism is similar.
Let f : G→ Mor(C ) be such that f(g) : g · C → C and suppose that f satisfies f(e) = idC
and condition (5). Note that f(g) is an isomorphism with inverse g · f(g−1) for all g ∈ G.
Define f¯ : G→ Mor(C ) by
f¯(g) = g · f(g−1),
so that f¯ : C → g · C. Then
f¯(gh) = (gh) · f(h−1g−1) = g · h · (f(h−1)(h−1 · f(g−1)) = (g · f¯(h))(f¯ (g)),
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so that f¯ is satisfies condition (4).
Let f, f ′ : G → Mor(C ), such that f(g) : g · C → C and f(g) : g · C′ → C′ Suppose that f
and f ′ satisfy (5), and α : C → C′ is a morphism in C for which the diagram
g · C
g·α

f(g) // C
α

g · C′
f ′(g) // C′
commutes for all g ∈ G. Then
f¯ ′(g)α = (g · f ′(g−1))α = g · (f ′(g−1)(g−1 · α)) = g · (α f(g−1)) = (g · α)f¯(g),
i.e. the diagram
C
α

f¯(g) // g · C
g·α

C′
f¯ ′(g) // g · C′
commutes for all g ∈ G.
Remark 2.13. Note that if G acts trivially on C , then Cat(G˜,C )G ∼= Cat(G,C ), the category of
functors G→ C , i.e., C hG is the category of representations of G in C .
We emphasize that the homotopy fixed points do not in general commute with the classifying
space functor. However, if C is a discrete G-groupoid, then the comparison map BCat(G˜,C )→
Map(EG,BC ) is a weak G-equivalence, and we have
B(C hH) ≃ (BC )hH
for any H ⊆ G (see [GMM, §5] for a proof). However, in some of our examples of interest, even
when the category C is a groupoid, we need it to be topological, and therefore cannot assume
this commutation.
2.5 Homotopy fixed points of a group
The homotopy fixed point category C hG simplifies when C = Π, a topological group regarded
as a topological category with one object, with G-action. In that case, the homotopy fixed points
can be interpreted in terms of the well-known notion of crossed group homomorphisms. The
category GCat(G˜,Π) has been studied extensively in [GMM], where it was shown that it has
the following interpretation.
Theorem 2.14 ([GMM], 4.15). Suppose Π is a group with G-action. The homotopy fixed point
category ΠhG is equivalent to the crossed functor category Cat×(G,Π) whose objects are the
continuous crossed homomorphisms G → Π and whose morphisms σ : α → β are the elements
σ ∈ Π such that
β(g)(g · σ) = σ α(g).
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This interpretation leads to the following condition for when the nonequivariant equivalence
ι : Π ≃ Cat(∗,Π)→ Cat(G˜,Π)
is a weak G-equivalence.
Proposition 2.15 ([GMM], 4.19). The functor ιH : ΠH → Cat(G˜,Π)H is an equivalence of
categories if and only if the first nonabelian cohomology set H1(H ; Π) is trivial.
2.6 Homotopy invariance of homotopy fixed points
The following lemma is inspired by the analogous result for homotopy fixed points ofG-spaces
or naive G-spectra.
Proposition 2.16. If Θ: C −→ D is a G-functor that is a nonequivariant equivalence of
categories then the functor induced by post composition
Cat(G˜,C ) −→ Cat(G˜,D)
is a weak G-equivalence of categories.
Proof. From Observation 2.7, we see that it is enough to prove that we get an equivalence on
G-fixed points. The map
Cat(G˜,C )G −→ Cat(G˜,D)G
is faithful since it is the restriction of a faithful map to a subcategory. We show that is essentially
surjective and full. We use the explicit description of fixed points given above.
Pick an object (D, f) in Cat(G˜,D)G. Since Θ is essentially surjective, there exists a nonequiv-
ariant isomorphism ψ : D
∼=
−→ Θ(C) for some C ∈ C . By applying g· we get gψ : gD
∼=
−→
gΘ(C) = Θ(gC). Since Θ is fully faithful, for every f(g) : D
∼=
−→ gD there exists a unique
map f ′(g) : C
∼=
−→ gC such that Θ(f ′(g)) is the composite
Θ(C)
ψ−1
−−−→ D
f(g)
−−−→ gD
gψ
−−→ gΘ(C),
and f ′(g) is an isomorphism since f(g) and ψ are. We need to check the cocyle condition on f ′.
We will read it off from the following commutative diagram
D
ψ

f(g) // gD
gψ

gf(h) // ghD
ghψ

Θ(C)
Θ(f ′(g)) // gΘ(C)
gΘ(f ′(h)) // ghΘ(C)
The top composite is f(gh) since f satisfies the cocycle condition. Thus the bottom map must be
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Θ(f(gh)). By the commutation of g with Θ, the bottom map is just Θ applied to the composite
C
f ′(g)
−−−→ gC
gf ′(h)
−−−−→ ghC.
Thus f ′ satisfies the cocycle condition.
We are left to show fullness. Suppose we have a morphism in Cat(G˜,D) from (Θ(C),Θ(f))
to (Θ(C′),Θ(f ′)) given by the diagrams
Θ(C)
α

Θ(f(g)) // gΘ(C)
g α

Θ(C′)
Θ(f ′(g)) // gΘ(C′)
Since Θ is full, there exists a map C
α′
−→ C′ such that Θ(α′) = α. Thus there is a map in
Cat(G˜,C )
C
α′

f(g) // gC
g α′

C′
f ′(g) // gC′
whose image is the map above. This gives fullness.
3 Pseudo equivariance
3.1 Pseudo equivariant functors
Let C and D be G-categories. We define the notion of a pseudo equivariant functor Θ: C →
D , and we then show that such a functor induces an on the nose equivariant functor
Cat(G˜,C ) −→ Cat(G˜,D).
Thus it induces maps on fixed points
Cat(G˜,C )H −→ Cat(G˜,D)H
for all subgroups H ⊆ G. Pseudo equivariance will be absolutely central to a lot of our K-theory
results because often enough the maps between the G-categories we will consider in equivariant
algebraic K-theory are not on the nose equivariant, but pseudo equivariant. The construction
of equivariant algebraic K-theory will ensure that this is enough to get actual equivariant maps
on the spectrum level. Moreover, this result will be what allows us to rectify a G-action on a
symmetric monoidal or Waldhausen category which does not preserve the structure strictly, but
only up to coherent isomorphism.
Definition 3.1. A pseudo equivariant functor between G-categories C and D is a functor
Θ: C → D , together with natural isomorphisms of functors θg for all g ∈ G
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C
g· //
Θ

✝✝✝✝ θg
C
Θ

D
g·
// D .
such that θe = id and for g, h ∈ G we have an equality of natural transformations, where on the
left hand side we are considering the composite of natural transformations.
C
h· //
Θ

✝✝✝✝ θh
C
Θ

g· //
✝✝✝✝ θg
C
Θ

D
h·
// D
g·
// D
= C
gh· //
Θ

✆✆✆✆~ θgh
C
Θ

D
gh·
// D
Note that requiring this equality makes sense because the outer right down and down right
composites in the two diagrams are equal. Explicitly, for C an object of C , this means that the
following diagram commutes:
Θ(ghC)
θg(hC) //
θgh(C)
$$
gΘ(hC)
gθh(C) // ghΘ(C)
Remark 3.2. If θg are equalities for all g ∈ G, then Θ is actually an equivariant functor.
We explain the choice of nomenclature. Recall that a G-category is defined by a functor
G→ Cat, and an equivariant map between G-categories is then just a natural transformations
of such functors. A pseudo equivariant map between G-categories is a pseudo natural transfor-
mation. We prove next that a pseudo equivariant functor Θ: C → D naturally induces an on
the nose equivariant map after applying the Cat(G˜,−) functor.
Proposition 3.3. A pseudo equivariant functor Θ: C → D naturally induces an equivariant
functor
Θ˜ : Cat(G˜,C ) −→ Cat(G˜,D).
Proof. Clearly post composing a functor F : G˜ −→ C with Θ does not yield an equivariant
functor, but we can use the natural isomorphisms θg to create one. We define
Θ˜(F )(g) = gΘ((g−1F )(e)) = gΘ(g−1F (g))
Recall that there is a unique map in G˜ from g to g′, which we denote by (g′, g). Applying
Θ ◦ F we get a map Θ(F (g))
Θ(F (g′,g))
−−−−−−−→ Θ(F (g′)) in D . We define Θ˜(g′, g) to be the composite
gΘ(g−1F (g))
θ−1g
−−→
∼=
Θ(gg−1F (g))
Θ(F (g′,g))
−−−−−−−→ Θ(g′g′−1F (g′))
θg′
−−→
∼=
g′Θ(g′−1F (g′)).
For a morphism in Cat(G˜,C ), namely a natural transformation η : F ⇒ E, we define the
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components of Θ˜(η) as
Θ˜(η)g = gΘ(g
−1ηg).
In order to see that this is indeed a natural transformation Θ˜(F ) ⇒ Θ˜(E), note that the
naturality square for Θ˜(η)g translates to
gΘ(g−1F (g))
θ−1g

gΘ(g−1ηg) // gΘ(g−1E(g))
θ−1g

Θ(gg−1F (g))
Θ(F (g′,g))

Θ(ηg) // Θ(gg−1E(g))
Θ(E(g′,g))

Θ(g′g′−1F (g′))
θg′

Θ(ηg′ ) // Θ(g′g′−1E(g′))
θg′

g′Θ(g′−1F (g′))
g′Θ(g′−1ηg′ ) // g′Θ(g′−1E(g′))
and all the squares commute by the naturality of η and of the θg’s.
We check that with these definitions Θ˜ is indeed an equivariant functor. Let F be an object
of Cat(G˜,C ). We need to check that for h ∈ G, Θ˜(hF ) = (hΘ˜(F )). On objects, it is not hard
to see that the two functors agree:
Θ˜(hF )(g) = gΘ(g−1hF (h−1g)) = hh−1gΘ(g−1hF (h−1g)) = hΘ˜(F )(h−1g) = (hΘ˜(F ))(g).
On morphisms (g′, g) they agree by the commutativity of the following diagram where the
top row is Θ˜(hF )(g′, g) and the bottom row is (hΘ˜(F ))(g′, g). To avoid cluttering the diagram,
we denote by f the morphism F (h−1g′, h−1g) in C .
gΘ(g−1hF (h−1g))
=

θ−1g // Θ(hF (h−1g))
θh

Θ(hf) // Θ(hF (h−1g′))
θg′ //
θh

g′Θ(g′−1hF (h−1g′))
=

hh−1gΘ(g−1hF (h−1g))
hθ−1
h−1g
// hΘ(F (h−1g))
hΘ(f) // hΘ(F (h−1g′))
hθ
h−1g′
// hh−1g′Θ(g′−1hF (h−1g′))
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The center square is just the naturality square for the natural transformation θh. The right
square is the diagram from the compatibility we have required of the θg’s as expressed in the
diagram above Remark 3.2, and it is not hard to check that the commutativity of the first square
also follows from the same compatibility condition translated in terms of inverses.
On natural transformations it is again not hard to check that Θ˜ is equivariant:
Θ˜(hη)g = gΘ(g
−1(hη)g) = hh
−1gΘ(g−1hηh−1g) = hΘ˜(η)h−1g = (hΘ˜(η))g.
Corollary 3.4. A pseudo equivariant functor Θ: C → D , induces functors Θ˜H : C hH → DhH
on homotopy fixed points for all H ⊆ G.
Note that the definition of Θ˜ on objects makes sense for any functor Θ and Θ˜ is equivariant on
objects. However, without the isomorphisms encoded in the pseudo equivariance condition for
Θ, it is not possible to define the map Θ˜ on morphisms, and thus the 2-categorical point of view is
forced upon us. We write down explicitly the fixed point map Θ˜H : Cat(G˜,C )H → Cat(G˜,D)H
induced from a pseudo equivariant functor Θ: C → D , because it sheds light on how the 2-
cells come in, and because instances of this induced fixed point map are relevant in equivariant
algebraic K-theory. We will encounter interesting maps in K-theory which turn out to be fixed
point maps of equivariant K-theory maps that arise from pseudo equivariant functors on the
categorical level.
Recall the explicit description of homotopy fixed points given in Proposition 2.12. Let (C, f)
be an object in Cat(G˜,C )H . Under the induced map on H-fixed points
Θ˜H : Cat(G˜,C )H −→ Cat(G˜,D)H ,
this gets sent to (Θ(C), fθ) where fθ(g) is defined as the composite
Θ(C)
Θ(f(g))
−−−−−→
∼=
Θ(gC)
θg
−→
∼=
gΘ(C).
Since f(e) = id and θe = id, it follows immediately that fθ(e) = id. To show that fθ
satisfies the cocycle condition, we use the fact that f satisfies it, together with the diagram
in Definition 3.1. By that diagram, the maps in the following composite themselves factor as
composites:
Θ(C)
Θ(f(gh)) //
Θ(f(g)) ((PP
PP
PP
PP
PP
PP
Θ(ghC)
θgh(C) //
θg(hC) ((◗◗
◗◗
◗◗◗
◗◗◗
◗◗
◗
ghΘ(C)
Θ(gC)
Θ(gf(h))
66♠♠♠♠♠♠♠♠♠♠♠♠♠
gΘ(hC)
gθh(C)
66♠♠♠♠♠♠♠♠♠♠♠♠♠
We can use the naturality diagram for θg
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Θ(gC)
Θ(gf(h)) //
θg(C)

Θ(ghC)
θg(hC)

gΘ(C)
gΘ(f(h))
// gΘ(hC)
to replace the middle maps in the diagram above and we get that
Θ(C)
Θ(f(gh))
−−−−−−→ Θ(ghC)
θgh(C)
−−−−→ ghΘ(C)
is the same as
Θ(C)
Θ(f(g))
−−−−−→ Θ(gC)
θg(C)
−−−−→ gΘ(C)
gΘ(f(h))
−−−−−−→ gΘ(hC)
gθh(C)
−−−−→ ghΘ(C).
Thus fθ(gh) = (g · fθ(h))fθ(g).
Question 3.5. Does every equivariant functor Cat(G˜,C ) → Cat(G˜,D) come from a pseudo
equivariant functor C → D?
3.2 Homotopy invariance of homotopy fixed points revisited
We can use pseudo equivariance to weaken the hypothesis of Proposition 2.16 from requiring
the functor to be on the nose equivariant to requiring it to be pseudo equivariant. Surprisingly,
we get the same conclusion.
Proposition 3.6. Let Θ: C → D be a pseudo equivariant functor which is a nonequivariant
equivalence. Then the induced functor
Cat(G˜,C ) −→ Cat(G˜,D)
is a weak G-weak equivalence.
Proof. The equivariant map
Θ˜ : Cat(G˜,C )→ Cat(G˜,D),
given in Proposition 3.3 is a nonequivariant equivalence with inverse Θ˜−1.
We have a commutative diagram:
Cat(G˜,C )
ι

Θ˜ // Cat(G˜,D)
ι

Cat(G˜,Cat(G˜,C ))
Cat(G˜,−)(Θ˜) // Cat(G˜,Cat(G˜,D))
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By Proposition 2.16, the bottom map is a weak G-equivalence, and by Lemma 2.8 the vertical
maps are G-equivalences. Therefore the top map is a weak G-equivalence.
Corollary 3.7. A pseudo equivariant functor Θ: C → D which is a nonequivariant equivalence
induces equivalences of homotopy fixed points
C
hH → DhH
for all H ⊆ G.
4 Homotopy fixed points of module categories
4.1 G-rings and twisted group rings
A G-ring is a ring R with a left action of G by ring automorphisms. If R is a topological ring,
we ask for the action to be through continuous ring automorphisms. We have a homomorphism
G → Aut(R), and we write g(r) = gr for the automorphism g : R → R determined by g ∈ G.
Then ghr = g(h(r)) = g(hr).
Note that when R is a subquotient of Q, the only automorphism of R is the identity and the
action of G must be trivial. However, it is well-known that even trivial G-actions on rings yield
nontrivial equivariant algebraic K-theory. For example, we will show that the equivariant alge-
braic K-theory of the topological rings R and C with trivial G-action is equivariant topological
real and complex K-theory. Nevertheless, we are interested in many examples where the group
action on the ring is nontrivial such as the Galois extensions of rings, or the topological ring C
with Z /2Z conjugation action.
Suppose that R is a commutative G-ring with action given by θ : G→ Aut(R). Observe that
R is an RG-algebra, where RG is the subring of G-invariants. We can reinterpret θ as a group
homomorphism θ : G → EndRG R, and ask the question of when we can extend this to a ring
map. More precisely, we seek to put a ring structure on the underlying abelian group of the
group ring R[G], for which the map θ extends to a ring map.
This naturally leads to the definition of twisted group ring (or skew group ring), which we will
denote by RG[G] (it is variously denoted in the literature also as R⋊G or R∗G). A more precise
notation that takes into the action of G on R given by the homomorphism θ : G→ Aut(R) would
be Rθ[G]. However, the action of G on R will many times be implicit, so we will not adopt this
more pendantic notation.
Definition 4.1. As an R-module, the twisted, or skew, group ring RG[G] is the same as the
group ring R[G], which is the case when G acts trivially on R. We define the product on RG[G]
by RG-linear (not R-linear) extension of the relation
(rg) (sh) = r gs gh
for r, s ∈ R and g, h ∈ G.
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Thus moving g past s, “twists” the ring element by the group action. Note that R and
RG[G] are subrings of RG[G] and
g r = gr g.
Observe that the definition of the twisted multiplication in RG[G] is precisely what enables us
to extend the group homomorphism θ : G→ EndRG R to a ring homomorphism
θ : RG[G]→ EndRG R, (r g) 7→ (s 7→ r
gs).
4.2 Modules over twisted group rings
Definition 4.2. We call (left) RG[G]-modules G-ring modules or skew G-modules.
Note that g(rs) = (gr)(gs) for all r, s ∈ R, thus R is an example of an RG[G]-module.
Observation 4.3. An RG[G]-module M is a left R-module with a semilinear G-action, i.e.,
g(rm) = gr(gm) for m ∈ M . If the action of G on R is trivial, then an R[G]-module is a
left R-module M with linear G-action, namely, g(rm) = r(gm). From this point of view an
RG[G]-linear map of RG[G]-modules f : M → N is a map of R-modules, which commutes with
the G-action.
If G is finite and |G| is invertible in R, we obtain the following characterization of projective
modules over RG[G], which will be crucial in our applications to K-theory of G-rings.
Proposition 4.4. If G is finite and |G|−1 ∈ R, then an RG[G]-module is projective if and only
if it is projective as an R-module.
Proof. An RG[G]-module M is projective if and only if the functor
HomRG[G](M,−) : Mod(RG[G])→ Mod(RG[G])
is exact. This functor is always left exact, and it is also right exact precisely whenM is projective.
Let M and N be RG[G]-modules. As noted in Observation 4.3, M and N are R-modules with
semilinear G-action. Then the RG[G]-module HomRG[G](M,N) is the R-module HomR(M,N)
with semilinear G-action given by conjugation, i.e., for an R-linear map f : M → N , gf(m) =
g(f(g−1m)). Again from Observation 4.3, we have that
HomRG[G](M,N)
∼= HomR(M,N)
G.
The fixed point functor (−)G on RG[G]-modules is right exact when the order of G is invertible
in R. Thus when |G|−1 ∈ R, the functor HomRG[G](M,−) is exact precisely when the functor
HomR(M,−) is exact.
Of course, we do not have a similar statement for free modules. Clearly, a free RG[G]-module
is free over R, but the converse is not true: Freeness over R definitely does not imply freeness
over RG[G]. For a set A, let R[A] denote the free R-module on the basis A. The following
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proposition shows how we can put an RG[G]-module structure on R[A] if A is a G-set; this is
equivalent to specifying a semilinear G-action on R[A].
Proposition 4.5. Let A be a G-set and define
g(
∑
a
raa) =
∑
a
graga
for g ∈ G, ra ∈ R, and a ∈ A. Then R[A] is an RG[G]-module.
In [GMM, 6.8], following [Kaw86, 5.1] we gave a classification of RG[G]-module structures
on free rank n R-modules in terms of the homotopy fixed point category of the group GLn(R),
regarded as a single object groupoid. It inherits a G-action from the G-action on R.
Theorem 4.6. Let R be a G-ring. Then the set of isomorphism classes of RG[G]-module
structures on the R-module Rn is in canonical bijective correspondence with the isomorphism
classes of objects in the homotopy fixed point category GLn(R)
hG = Cat(G˜, GLn(R))
G.
4.3 The category Cat(G˜,Mod(R))
For a G-ring R, the category of finitely generated R-modules Mod(R) becomes a G-category
with action defined in the following way. LetM be anR-module with action map γ : R×M →M .
Then we let gM =M as abelian groups, and we define the action map by pulling back the action
on M along g : R→ R:
γg : R×M
g×id
−−−→ R ×M
γ
−→M.
This twists the R-action on M by the action of G on R. Explicitly, the R action on gM , which
we will denote by ·g to differentiate from the R-action on M , is given by
r ·g m :=
grm,
where on the right hand side of the equation we are using the action of R on M .
We note that
RG[G]⊗RM ∼=
⊕
g∈G
gM.
For a morphism f : M → N , we define gf : gM → gN by (gf)(m) = f(m). Thus gf is the
same as f as a homomorphism of abelian groups, but it interacts differently from f with the
scalar multiplication.
Note that in general M is not necessarily isomorphic to gM as R-modules. The identity of
abelian groups M = gM is not an R-linear map, since the R-action is different on the two sides
of the equality. However, we do have an isomorphism of free R-modules Rn ∼= gRn, which plays
an important role.
Lemma 4.7. The R-modules Rn and gRn are isomorphic.
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Proof. Let {ei} be the standard basis for Rn. Note that this is also a basis for gRn: if gr1e1 +
· · · + grnen = 0, then
gri = 0 for all i, so ri = 0 since G acts by ring automorphisms. Also,
every element in gRn can be written as
(r1, · · · , rn) =
g((g
−1)r1) e1 + · · ·+
g((g
−1)rn) en.
Now just define a map on basis elements as the identity ei 7→ ei and extend linearly, i.e.
rei 7→
grei.
We emphasize that the objects of the category Mod(R) are R-modules M , which know
nothing about the G-action on R. We used this action to define a G-action on the category
Mod(R), and now we will show how the G-category Mod(R) relates to the category of modules
over the twisted group ring RG[G], which by Observation 4.3 is the same as the category of
R-modules with semilinear G-action.
Proposition 4.8. The homotopy fixed point category Mod(R)hG is equivalent to the category
Mod(RG[G]).
Proof. From the description of homotopy fixed point categories given in Proposition 2.11, the
objects of the homotopy fixed point category Cat(G˜,Mod(R))G are R-modulesM together with
compatible isomorphisms f(g) : gM
∼=
−→ M , one for each element g ∈ G, for which f(e) = idM
and which make the diagrams
(gh)M
f(gh) ##❋
❋❋
❋❋
❋❋
❋
gf(h) // gM
f(g)}}④④
④④
④④
④④
M
commute.
Define an action of G on M by g ·m = f(g)(m). This is indeed an action since f(e) = idM
and
(gh) ·m = f(gh)(m)
= f(g)gf(h)(m)
= f(g)f(h)(m)
= g · (h ·m).
The second to last identification is just the definition of the G-action on morphisms of modules
in Mod(R); the morphism gf(h) is the same as f(h) as a morphism of abelian groups.
Now note that this action is indeed semilinear:
g · (rm) = f(g)(r ·g m) =
grf(g)(m) = gr(g ·m).
Via this identification, the morphisms in the homotopy fixed point category are precisely the
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G-equivariant maps of G-modules.
Thus we have shown that the homotopy fixed point category Mod(R)hG can be identified
with the category of modules with semilinear G-action. Combining this with Observation 4.3,
we obtain the desired result.
By Observation 2.10, we immediately get the following corollary.
Corollary 4.9. The homotopy fixed point category Mod(R)hH is equivalent to the category
Mod(RH [H ]) for all subgroups H ⊆ G.
Therefore, the G-category Cat(G˜,Mod(R)) encodes the module categories over the twisted
group rings for all subgroups H as fixed point subcategories. Thus by studying the equivariant
object Cat(G˜,Mod(R)) we are implicitly studying the representation theory of all the subgroups
at once.
Let P(R) be the category of finitely generated projective R-modules. This becomes a G-
category in the same way that Mod(R) does since gP is projective if P is so: if P ⊕ Q ∼= Rn,
then gP ⊕ gQ ∼= gRn ∼= Rn. The proof of Proposition 4.8 goes through to show that the
category Cat(G˜,P(R)) is equivalent to the category of finitely generated projective R-modules
with semilinear G-action. Therefore, by Proposition 4.4, if G is finite and the order of G is
invertible in R, we obtain Proposition 4.8 and its corollary if we restrict to the category of
finitely generated R-modules.
Proposition 4.10. Suppose G is finite and |G|−1 ∈ R. The homotopy fixed point category
P(R)hG is equivalent to the category P(RG[G]).
Corollary 4.11. Suppose G is finite and |G|−1 ∈ R. The homotopy fixed point category
P(R)hH is equivalent to the category P(RH [H ]) for all subgroups H ⊆ G.
4.4 The equivariant skeleton of free modules
If M ∼= Rn, then gM ∼= gRn ∼= Rn, so the G-action on Mod(R) restricts to an action on the
category F (R) of finitely generated free R-modules.
Definition 4.12. Let G L (R) be the category with objects the based free R-modules Rn and
morphism spaces
MorG L (R)(R
n, Rm) =
{
∅ if n 6= m
GLn(R) if n = m.
This is the same as the disjoint union of the one object categories GLn(R), i.e.,
G L (R) =
∐
n≥0
GLn(R),
and it is a skeleton of the category of isoF (R) of finitely generated free R-modules and isomor-
phisms.
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We note that in general, even if C is a G-category, the skeleton skC is not closed under the
G-action2. However, if R is a G-ring, we have an obvious action on G L (R): it is trivial on
objects and on morphisms g acts entrywise. Clearly, the inclusion of the skeleton
i : G L (R) −→ isoF (R)
is not an equivariant map since the object Rn is fixed in G L (R) but not in isoF (R). However,
we can define an inverse to it which is equivariant. Fix isomorphisms γM : M
∼=
−→ Rk for all
finitely generated free modulesM , i.e., fix a basis {γ−1M (ei) = mi} for allM such that γM = γgM
as isomorphisms of abelian groups. In other words, we pick the same basis forM and gM ; recall
that M and gM are equal as abelian groups. We define the inverse equivalence i−1 by M 7→ Rk
on objects. Given an isomorphism M → N in isoF (R), it maps to the composite
Rk
γ−1
M−−→M
f
−→ N
γN
−−→ Rk.
We show that the map i−1 is equivariant. Clearly, it commutes with the G-action on objects,
since the action is trivial in G L (R) and if M has dimension k so does gM . Now let f : M → N
be an isomorphism in isoF (R), and suppose that
f(mi) = ri1n1 + · · ·+ riknk.
The morphism gM
gf
−→ gN maps to
Rk
γ−1
M−−→ gM
gf
−→ gN
γN
−−→ Rk.
On basis elements, this is
(gf)(ei) = ri1 ·g e1 + · · ·+ rik ·g ek = r
g
i1e1 + · · ·+ r
g
ik.
Therefore, we get entrywise action by g on the matrix representing f , and the map
i−1 : isoF (R) −→ G L (R)
is G-equivariant. It is a nonequivariant equivalence, thus by Proposition 2.16 we obtain the
following result.
Proposition 4.13. Suppose R is a G-ring. Then there is a weak G-equivalence
Cat(G˜, isoF (R)) −→ Cat(G˜,G L (R)).
This is very useful because it will allow us to use the skeleton G L (R) in equivariant algebraic
K-theory without losing information about the entire category of free modules with its induced
action of G.
2We treat this general case in the appendix.
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4.5 Equivariant skeleta
Nonequivariantly, it is always assumed in K-theory that when we take the classifying space
of a category which is not small, such as P(R), F (R), or Mod(R), we are tacitly replacing the
category by a small category which is equivalent to it, such as its skeleton.
As we have seen in Section 4.4, the situation is a little trickier equivariantly, because we do
not have an equivariant equivalence between a G-category and its skeleton. This is too much
to hope for; however, we show that the discussion in Section 4.4 generalizes. What makes the
general case trickier is the fact that unlike in the case of free modules where we showed that
Rn ∼= gRn, in general, an object C is not necessarily isomorphic to gC.
We show that for a G-category C , we can put a G-action on the skeletal category skC , such
that the inverse of the inclusion of the skeleton i : skC → C is aG-map which is a nonequivariant
equivalence. This implies by Proposition 2.16 that the map
Cat(G˜,C ) −→ Cat(G˜, skC )
is a weak G-equivalence. This suffices for our applications, because in equivariant algebraic
K-theory we are only taking classifying spaces of categories of the form Cat(G˜,C ).
For an object C ∈ C , denote by Crep the representative of the isomorphism class of C in
skC , so that if C ∼= D, then Crep = Drep. We fix isomorphisms γC : C
∼=
−→ Crep. The map
i−1 : C −→ skC
is defined on objects as C 7→ Crep and on morphisms as
(C
f
−→ D) 7→ (Crep
γ−1
C−−→ C
f
−→ D
γD
−−→ Drep).
We define a G-action on skC in the following way. On objects,
gCrep := (gC)rep.
We remark that there is no way to consistently pick the representatives such that gCrep =
(gC)rep is an equality in C . However, we do have isomorphisms in C
(gC)rep
∼=−−→
γ−1
gC
gC
∼=−−→
gγC
gCrep.
We define the action on morphisms of skC . We defined g(Crep
f
−→ Drep) as
(gC)rep
∼=
−−→
γ−1
gC
gC
∼=
−−→
gγC
gCrep
gf
−→ gDrep
∼=
−−→
gγD
gD
∼=
−−→
γgD
(gD)rep.
Now the map i−1 is clearly equivariant on objects. We show it is also equivariant on mor-
phisms. Let f : C → D be a morphism in C , which gets mapped by i−1 to Crep
γ−1
C−−→ C
f
−→
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D
γD
−−→ Drep in skC . Acting by g, we get
(gC)rep
∼=
−−→
γ−1
gC
gC
∼=
−−→
gγC
gCrep
∼=
−−−→
gγ−1
C
gC
gf
−→ gD
∼=
−−→
gγD
gDrep
∼=
−−→
gγD
gD
∼=
−−→
γgD
(gD)rep.
By composing the inverse isomorphism, this is the same as
(gC)rep
∼=
−−→
γ−1
gC
gC
gf
−→ gD
∼=
−−→
γgD
(gD)rep,
which is just i−1 applied to gC
gf
−→ gD, and therefore, the map i−1 : C → skC is a G-map for
the action we defined on skC .
Since the equivariant algebraic K-theory construction involves replacing the usually non-
small G-category of interest C with Cat(G˜,C ), we can with clear conscience assume use of
equivariantly skeletally small models when we apply the classifying space functor B.
4.6 Equivariant Morita theory
We give a definition of equivariant Morita equivalence of G-rings; the philosophy is that this
notion should capture Morita equivalences of twisted group rings.
Definition 4.14. TwoG-ringsR and S are equivariantly Morita equivalent if they are nonequiv-
ariantly Morita equivalent and the equivalence
Mod(R)→ Mod(S)
is pseudo equivariant.
In [Bil12], Biland gives a definition of equivariant Morita equivalence, and it is easy to see
that his definition agrees with ours3. Biland shows that Definition 4.14 is equivalent to having a
G-equivariant bimodule, which provides the equivariant Morita equivalence. For the definition
of G-bimodule and the details of the equivalence of the two statements we refer the reader to
Biland’s preprint [Bil12, Thm. A].
Note that a consequence of our definition of equivariant Morita equivalence and Proposi-
tion 3.6 is the following proposition.
Proposition 4.15. If two G-rings R and S are equivariantly Morita equivalent, then there is
an equivariant weak equivalence
Cat(G˜,Mod(R)) −→ Cat(G˜,Mod(S)).
Thus we have a G-map which induces an equivalence on all fixed points
Cat(G˜,Mod(R))H −→ Cat(G˜,Mod(S))H .
3The only difference in the definitions is that Biland does not require θe = id, but we suspect that is a typo in
his preprint. Also, we note that his notion of equivariance is not the standard one; it corresponds to our notion
of pseudo equivariance.
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As we have shown in Proposition 4.8 this ensures that the twisted group rings RH [H ] and SH [H ]
are Morita equivalent in the classical sense for all H ⊆ G .
We end with a consequence of equivariant Morita equivalence, which will be relevant in alge-
braic K-theory. Recall that a nonequivariant Morita equivalence Mod(R) → Mod(S) restricts
to an equivalence P(R)→ P(S) on the categories of finitely generated projective modules (for
example, see [Wei13, II, 2.7.]).
Lemma 4.16. If R and S are equivariantly Morita equivalent, then there is a weak G-equivalence
Cat(G˜,P(R))→ Cat(G˜,P(S))
which induces equivalences of the homotopy fixed point categories of finitely generated projective
modules P(R)hH → P(S)hH for all H ⊆ G.
Proof. Since R and S are equivariantly Morita equivalent, by definition we have a nonequiv-
ariant Morita equivalence Mod(R) → Mod(S), which is pseudo equivariant. This restricts to
an equivalence P(R)→ P(S), which is pseudo equivariant, and we get the result by applying
Proposition 3.6. The second statement follows by passing to fixed points.
5 Equivariant algebraic K-theory of G-rings
Nonequivariantly, the algebraicK-theory space of R is defined as the group completion of the
classifying space of the symmetric monoidal category isoP(R) of finitely generated projective
modules and isomorphisms, and this space is delooped using an infinite loop space machine such
as the operadic one developed by May in [May72] or the one based on Γ-spaces developed by
Segal in [Seg74].
The category isoP(R) is a G-category with action defined as in the previous section, and it
is not hard to see that it yields a naive Ω-G-spectrum, i.e., an Ω-spectrum with G-action. The
Segalic infinite loop space machine has been generalized equivariantly by Shimakawa in [Shi89],
and the operadic infinite loop space machine has been generalized equivariantly by Guillou
and May in [GM], to give genuine Ω-G-spectra. We show in [MMO] that the equivariant
generalizations yield equivalent genuine G-spectra when fed equivalent input, so we can use
either machine to deloop equivariant algebraic K-theory. We describe these machines and the
input they take in section 5.4. It turns out that a symmetric monoidal category with G-action
such as isoP(R) is inadequate input for these machines, but Cat(G˜, isoP(R)) is the “genuine”
kind of input these machines take to produce a genuine Ω-G-spectrum with zeroth space the
equivariant group completion of BCat(G˜, isoP(R)).
The equivariant infinite loop space machines will provide a functorial model for the equiv-
ariant group completion of BCat(G˜, isoP(R)); however, we will first define the equivariant
algebraic K-theory space of a G-ring R via an explicit model of the equivariant group comple-
tion of the classifying space of a symmetric monoidal G-category, namely the equivariant version
of Quillen’s S−1S-construction. This model allows us to run an equivariant version of the first
part of Quillen’s “plus=Q” proof relating the group completion of the symmetric monoidal cat-
egory of finitely generated projective R-modules and isomorphisms to the group completion of
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the topological monoid
∐
BGLn(R) of classifying spaces of principal GLn(R)-bundles. Using
this model, we show that the equivariant algebraicK-theory space of a G-ring R is equivalent on
higher homotopy groups with an equivariant interpretation of the “plus” construction, namely
the group completion of a topological G-monoid of G-equivariant GLn(R)-bundles.
5.1 Symmetric monoidal G-categories
We define a symmetric monoidal G-category as a strict symmetric monoidal category C with
G-action which commutes with the symmetric monoidal structure. Concisely, this is a functor
G→ SymCatstrict, from G to the category of symmetric monoidal categories and strict monoidal
functors. However, in practice, some symmetric monoidal categories that we care about have a
G-action which preserves the monoidal structure only up to isomorphism, i.e., they are functors
G → SymCatstrong, from G to the category of strict symmetric monoidal categories and strong
monoidal functors.
The problem with the latter is that if the G-action preserves the monoidal structure only up
to isomorphism, the fixed point subcategories CH are not necessarily closed under the monoidal
structure. We show that applying the functor Cat(G˜,−) rectifies symmetric monoidal categories
for which the action functors g· are only strong symmetric monoidal to symmetric monoidal
G-categories with action that preserves the monoidal structure on the nose. Therefore the
homotopy fixed point categories C hH are closed under the symmetric monoidal structure.4
Suppose that C is defined by a functor G→ SymCatstrong. Then C is a symmetric monoidal
category for which the symmetric monoidal structure map
C × C
⊕
−→ C
is pseudoequivariant, where the G-action on C × C is diagonal, and for which gI ∼= I for every
g ∈ G, where I is the unit object of C . By Proposition 3.3, we get an on the nose equivariant
functor
⊕ : Cat(G˜,C × C ) ∼= Cat(G˜,C )× Cat(G˜,C )→ Cat(G˜,C ).
For F1, F2, the functor F1 ⊕ F2 is defined on objects as
(F1 ⊕ F2)(g) = g
(
g−1F1(g)⊕ g
−1F2(g)
)
,
which, of course, is the same as F1(g)⊕F2(g) when the G-action on C preserves ⊕ strictly. On
a morphism (g′, g), F1 ⊕ F2 is defined as
(F1 ⊕ F2)(g)
∼=
−→ F1(g)⊕ F2(g)
F1(g
′,g)⊕F2(g
′,g)
−−−−−−−−−−−→ F1(g
′)⊕ F2(g
′)
∼=
−→ (F1 ⊕ F2)(g
′).
It is not hard to see that the functor FI : G˜ → C defined by FI(g) = gI, where I is the
4This issue becomes even more subtle for Waldhausen categories, which is analyzed in forthcoming work with
C. Malkiewich.
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unit of C is a unit for the symmetric monoidal structure defined above. Therefore, even when
the G-action on C does not preserve the symmetric monoidal structure strictly, Cat(G˜,C ) does
become a symmetric monoidal G-category for which the action commutes with the symmetric
monoidal structure.
5.2 The equivariant group completion of the classifying space of a
symmetric monoidal G-category
A Hopf G-space is a Hopf space with equivariant multiplication map and for which multi-
plying by the identity element is G-homotopic to the identity map such as, for example, ΩX for
a G-space X . The equivariant notion of group completion is captured by the fixed point maps
being group completions.
Definition 5.1. A G-map X → Y of homotopy associative and commutative Hopf G-spaces is
an equivariant group completion if the fixed point maps XH → Y H are group completions for
all H ⊆ G.
Remark 5.2. For a homotopy commutative topological G-monoid, since the classifying space
functor B and the loop functor Ω have the wonderful virtue of commuting with fixed points, the
nonequivariant group completion map M → ΩBM ([MS76], [May75]) is an equivariant group
completion.
Note that the classifying space BC of a symmetric monoidal G-category is a Hopf G-space.
We give a functorial construction of the group completion of BC , following [Qui73]. The idea
is to define the group completion on the category level. We recall the model for the categorical
group completion in the nonequivariant case, and then we observe that the theory carries through
equivariantly as long as the G-action preserves the symmetric monodical structure strictly.
Definition 5.3 ([Qui73]). Let S be a symmetric monoidal category. The category S−1S has
objects pairs (m,n) of objects in S. A morphism (m,n)→ (p, q) in S−1S is an equivalence class
of triples
(r, r ⊕m
f
−→ p, r ⊕ n
g
−→ q)
where two triple are equivalent if there is an isomorphism of the first entries that makes the
relevant diagrams commute. Composition for a pair of morphisms is defined as
(r, r⊕m
f
−→ p, r⊕n
g
−→ q)◦(s, s⊕p
φ
−→ u, s⊕q
ψ
−→ v) = (s⊕r, s⊕r⊕m
φ◦(s⊕f)
−−−−−→ u, s⊕r⊕n
ψ◦(s⊕g)
−−−−−→ v).
Note that S−1S is symmetric monoidal with (m,n)⊕ (p, q) = (m⊕ p, n⊕ q), and there is a
strict monoidal functor S → S−1S given by m 7→ (m, 0), where 0 is the unit of S. This induces
a map of Hopf spaces
BS −→ BS−1S, (6)
which, subject to a mild condition, was shown by Quillen to be a group completion when S is
a groupoid.
Theorem 5.4 ([Qui73]). Let S be a symmetric monoidal groupoid such that translations are
faithful. i.e.,
Aut(s)→ Aut(s⊕ t)
is injective for all s, t ∈ S. Then the map BS → BS−1S is a group completion.
Now if S is a symmetric monoidal G-category with G-action that preserves ⊕, then S−1S is
also a symmetric monoidal G-category with diagonal action on objects. On morphisms,
g
(
(m,n)
(r, f, f ′)
−−−−−−→ (p, q)
)
= (gm, gn)
(gr, gf, gf ′)
−−−−−−−−→ (gp, gq).
Note that this only works, because the action of G commutes with ⊕. The fixed point subcat-
egory SH is also a symmetric monoidal category, thus we can form (SH)−1(SH), and it is not
hard to see that the construction commutes with fixed points.
Lemma 5.5. Let S be a symmetric monoidal G-category. Then
(SH)−1(SH) ∼= (S−1S)H
for all H ⊆ G.
Also, note that if translations are faithful in S, i.e., if Aut(s) → Aut(s ⊕ t) is injective for
all s, t ∈ S, then the same holds for the fixed point subcategories SH . This has the following
immediate consequence.
Proposition 5.6. Let S be a symmetric monoidal G-groupoid such that translations are faithful.
Then the map BS → BS−1S is an equivariant group completion.
Note that restricting to the subcategory of isomorphisms commutes with fixed points, namely
(isoC )H = iso(CH) for subgroups H ⊆ G. Since the algebraic K-theory of symmetric monoidal
categories, and in particular the K-theory of rings, is defined with respect to the class of iso-
morphisms, this observation is crucial. We will also need the following useful result stating that
restricting to the subcategory of isomorphisms commutes with applying the Cat(G˜,−) functor.
Lemma 5.7. For any G-category C , we have an identification
isoCat(G˜,C ) ∼= Cat(G˜, isoC ).
Proof. Note that a functor F : G˜ → C actually lands in F : G˜ → isoC since every morphism
in G˜ is an isomorphism. Therefore the objects of isoCat(G˜,C ) and Cat(G˜, isoC ) are the same.
Now a morphism in isoCat(G˜,C ) is a natural transformation whose component maps are all
isomorphisms, which is the same with a morphism in Cat(G˜, isoC ).
Now, using the explicit model for group completion we make the following definition of the
equivariant algebraic K-theory space of a G-ring R.
Definition 5.8. The equivariant algebraicK-theory space of aG-ringR is theG-spaceKG(R) =
B(S−1S), where S is the symmetric monoidal G-category Cat(G˜, isoP(R)).
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We define the equivariant K-groups as the equivariant homotopy groups of this space. Once
we deloop this space equivariantly to a genuine Ω-G-spectrum, it will turn out that these are the
homotopy groups of that spectrum, and therefore, they have Mackey functor structure. Recall
that for a subgroup H ⊆ G and a G-space X , we have
πHi (X) = [(G/H)+ ∧ S
i, X ]G ∼= [S
i, XH ] = πi(X
H), (7)
where [X,Y ]G denotes the set of homotopy classes of based G-maps X → Y between based
G-spaces, and X+ denotes the union of X with a disjoint basepoint. We define the K-groups
for i ≥ 0.
Definition 5.9. The algebraic K-theory groups are given by
KHi (R) = π
H
i (KG(R)).
Remark 5.10. We spell out what the equivariant K0 is so that it is clear how it relates back to
the nonequivariant algebraic definition. Nonequivariantly, K0(R) is the group completion of the
abelian monoid P(R) of finitely generated projective R-modules, i.e., it is π0 of the topological
group completion of B(isoP(R)), the classifying space of the category of finitely generated
projective modules and isomorpshisms. Equivariantly, KH0 (R)
∼= π0(KG(R)H), and KG(R)H
is the group completion of BCat(G˜, isoP(R))H . Therefore KH0 (R) is the group completion
of the abelian monoid of isomorphism classes of objects in the homotopy fixed point category
isoP(R)hH = isoP(RH(H)), and thus it agrees with K0 of the twisted group ring RH(H).
5.3 “Plus” construction interpretation and connection to equivariant
bundle theory
Quillen’s first definition of higher algebraic K-groups was as the homotopy groups of the
space BGL(R)+, which he showed to be homotopy equivalent to the basepoint component of the
group completion of the topological monoid B(
∐
nGLn(R))
∼=
∐
n BGLn(R). Note that this is
the monoid of classifying spaces of principal GLn(R)-bundles under Whitney sum. Fiedorowicz,
Hauschild and May gave a first definition of equivariant algebraic K-groups of a ring R with
trivial G-action in [FHM82] by replacing this space with the monoid of classifying spaces of
equivariant bundles. However, in their definition, since G does not act on R, the equivariance
group G does not act on the structure group GLn(R) of the bundles; they are considering
equivariant bundles that have commuting actions of G and GLn(R) on the total space.
We generalize the definition of Fiedorowicz, Hauschild and May so as to allow nontrivial
action of G on the ring R. Instead of using the classifying spaces of equivariant (G,GLn(R))-
bundles, which correspond to a trivial group extension
1→ GLn(R)→ GLn(R)×G
q
−→ G→ 1,
we will use the classifying spaces of (G,GLn(R)⋊G)-bundles, which correspond to split exten-
sions
1→ GLn(R)→ GLn(R)⋊G
q
−→ G→ 1.
For a precise definition of such equivariant bundles, see [GMM], or any of the earlier sources
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cited there. Suitable categorical models for classifying space of (G,GLn(R) ⋊G)-bundles have
been constructed in [GMM], and these are central to our definition. The relevant theorem is the
following.
Theorem 5.11 ([GMM]). If G is discrete and Π is discrete or compact Lie, then BCat(G˜,Π)
is a classifying space for (G,Π⋊G)-bundles.
Recall from Definition 4.12 that G L (R) =
∐
nGLn(R). By Theorem 5.11, the monoid
of classifying spaces of (G,GLn(R)G)-bundles is BCat(G˜,G L (R)), and a model for the group
completion is, by Remark 5.2,
ΩBBCat(G˜,GL (R)).
We proceed to show that we have an equivalence
KG(R)
H ≃ ΩBBCat(G˜,G L (R))H
on basepoint components, so these spaces have the same higher homotopy groups. This shows
that the definition of [FHM82] of higher equivariant K-groups for a ring with trivial G-action
agrees with the one given in Definition 5.9.
Again, we will follow Quillen’s nonequivariant proof [Qui73]. We recall the definition of
cofinality and then state the result that leads to showing that cofinality gives an equivalence on
higher K-theory.
Definition 5.12. A monoidal functor F : S → T is cofinal if for every t ∈ T there is t′ ∈ T and
s ∈ S such that t⊕ t′ = F (s).
Proposition 5.13 ([Qui73]). If F : S → T is cofinal and AutS(s) ∼= AutT (F (s)) for all s ∈ S,
then the map B(S−1S)→ B(T−1T ) induces an equivalence of basepoint components.
Nonequivariantly this is applied to the cofinal inclusion isoF (R) →֒ isoP(R), which is in
fact the idempotent completion. We wish to apply it to the fixed point maps of the inclusions
Cat(G˜, isoF (R))H −→ Cat(G˜, isoP(R))H .
For this we recall from section 4.3 that the homotopy fixed point category Cat(G˜, isoF (R))H
is the category of finitely generated freeR-modules with semilinearH-action andH-isomorphism.
Similarly, Cat(G˜, isoP(R))H is the category of finitely generated projective R-modules with
semilinear H-action. This inclusion is cofinal; however it is not an idempotent completion any-
more. One way to see this is to consider the case when G is finite and |G|−1 ∈ R, so that, by
Corollary 4.11, Cat(G˜, isoP(R))H ≃ P(RH [H ]). We have a commutative diagram of inclu-
sions:
Cat(G˜, isoF (R))H //P(RH [H ])
F (RH [H ])
OO 33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
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The diagonal map is an idempotent completion, but the map going straight up is not an
equivalence, since free RH [H ]-modules do not coincide with modules with semilinear G-action
which are free as R-modules. Therefore, the top map is not the idempotent completion; it just
factors it.
Theorem 5.14. There is an equivalence on connected basepoint components
ΩBBCat(G˜,G L (R))H ≃0 KG(R)
H .
(We used the notation ≃0 instead of ≃ in order to emphasize that this equivalence only holds
on basepoint components and to avoid possible misinterpretation.)
Proof. By Proposition 4.13, the inverse of the nonequivariant equivalence given by the inclusion
of the skeleton i : G L (R)→ isoF (R) induces a weak G-equivalence
Cat(G˜, isoF (R))→ Cat(G˜,G L (R)).
Now
Cat(G˜, isoF (R))H −→ Cat(G˜, isoP(R))H
is cofinal. Therefore, by applying Proposition 5.13, we get a weak G-equivalence of basepoint
components
B(S−1S)→ B(T−1T )
for S = Cat(G˜, isoF (R))H and T = Cat(G˜, isoP(R))H .
Remark 5.15. We note that equivariantly there is no meaningful way to write down a decompo-
sition of the K-theory space as a product of K0 and a connected component, analogous to the
widely used nonequivariant one, which is
K(R) ≃ K0(R)× Ω0BBG L (R).
The reason is that taking basepoint components does not commute with taking fixed points,
so if we split off the basepoint component we change the equivariant homotopy type of the space.
However, even nonequivariantly, this decomposition is not functorial, so it is technically more
correct to define the K-theory space via a functorial model for the group completion of the
classifying space of the symmetric monoidal category of finitely generated projective modules
and isomorphisms.
5.4 Equivariant delooping of the K-theory space
We describe the May and Segal equivariant infinite loop space machines and the input they
take. By a celebrated theorem of May and Thomason, the nonequivariant infinite loop space
machines are equivalent. Their proof does not generalize equivariantly, but we have shown
in [MMO] through a surprising chain of equivalences that the equivariant generalizations of
the machines also produce equivalent Ω-G-spectra. So, up to equivalence, we could use either
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machine to define the equivariant algebraic K-theory spectrum of a G-ring. The construction
of each machine has its own advantages, and in some applications we have in mind we will need
the specifics of one machine over the other. However, for the rest of this paper, we will study
the equivariant homotopy type of the spectrum we get, and we will not need the specifics of
either of these machines. We choose to define equivariant algebraic K-theory of a G-ring using
the equivariant May machine, but we describe the alternative construction using the equivariant
Segal machine and invoke the theorem by which they are equivalent.
5.4.1 Equivariant May infinite loop space machine
Algebras over the Barratt-Eccles operad O in Cat with O(j) = EΣj are symmetric monoidal
categories with strict unit and strict associativity, which are also known as permutative cate-
gories (see [May78]). By analogy, having an E∞-operad in GCat allows one to define genuine
permutative G-categories as algebras over it, and the classifying spaces of these turn out to be,
after group completion, equivariant infinite loop spaces. This is carried out in the program
started by Guillou and May in [GM].
Of course, there are permutative categories, i.e., algebras over the Barratt-Eccles operad O,
which are also G-categories, and [GM] reserves the name naive permutative G-categories for
those. The reason is that their classifying spaces are G-spaces, which are naive equivariant
infinite loop spaces, i.e., they have deloopings with respect to all spheres with trivial G-action,
but not necessarily with respect to representation spheres. We note that in this light, what we
defined as symmetric monoidal G-categories are naive symmetric monoidal G-categories.
Definition 5.16. The operad OG in GCat defined by OG(j) = Cat(G˜, EΣj) is an E∞-G-operad.
A genuine permutative G-category is defined to be an OG-algebra.
If we take any naive permutative category C , i.e., a permutative category with a G-action,
since it is an algebra over the Barratt-Eccles operad O with O(j) = EΣj , there are maps
O(j)× C j −→ C
compatible with the operad structure maps. Since Cat(G˜,−) is a product preserving functor,
these maps yield maps
Cat(G˜, EΣj)× Cat(G˜,C )
j −→ Cat(G˜,C ),
and all the necessary diagrams still commute, so Cat(G˜,C ) is a genuine permutative category,
and surprisingly, the only examples of genuine permutative categories we know arise in this way.
Example 5.17. Recall Definition 4.12 of the category G L (R). It is a skeleton of the category of
finitely generated free R-modules F (R). The category G L (R) is permutative under direct sum
of modules and block sum of matrices ⊕ : GLn(R)×GLm(R)→ GLn+m(R), since associativity
and the unit are strict and commutativity holds only up to isomorphism (reordering of the
basis elements by conjugation). It is a naive permutative G-category with trivial G-action on
objects and entrywise G-action on matrices. Therefore the category Cat(G˜,G L (R)) is a genuine
permutative G-category.
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The original May infinite loop space machine, which we will denote by K, was developed
in [May72]; it takes as input a permutative category and produces Ω-spectra with zeroth space
the group completion of the classifying space of the input permutative category. An equivariant
version of May’s operadic infinite loop space machine is developed in [GM]5. It takes as input an
OG-category C , i.e., a genuine permutative G-category, and produces a genuine orthogonal Ω-G-
spectrum with zeroth space the equivariant group completion of BC . We give a brief overview
of the machine. As explained in [GM], we need to use not only an E∞ operad CG in GTop
(such as BOG), but also the Steiner operads KV indexed over finite dimensional subspaces of a
complete G-universe U , because these act on V -fold loop spaces. These operads are described in
detail in [GM, Appendix]. Intuitively, they are a generalization of the little disks operad, which
is compatible with suspension: instead of considering a tuple of embeddings of V into V , one
considers a tuple of paths of embeddings of V into V , which at time 0 are the identity and at
time 1 are disjoint. So the picture of an element in the Steiner operad would look like a cylinder
with V at one end and en element of the little disks operad at the other end. We define the
product operad
CV = CG ×KV .
A CG-space can be viewed as an CV -space for any V , and this has the advantage that CV acts
on V -fold loop spaces via its projection onto KV . Let CV be the monad of based G-spaces
associated to the operad CV .
For a genuine permutative G-category A , the orthogonal G-spectrum KG(A ) has spaces
given by the monadic bar constructions
KGA (V ) = B(Σ
V ,CV , BA ).
The structure maps for V ⊂W are given by
ΣW−VB(ΣV ,CV , BA ) ∼= B(Σ
W ,CV , BA )→ B(Σ
W ,CW , BA ).
Theorem 5.18 ([GM]). For a genuine permutative G-category A , the spectrum KG A is a
genuine Ω-G-spectrum and there is a group completion map BA → (KG A )(0).
The essential formal properties of the machine, which we will need, are the following theorems
from [GM].
Theorem 5.19 ([GM]). Let A and B be OG-categories. Then the map
KG(A ×B)→ KG A ×KGB
induced by the projections is a weak equivalence of G-spectra.
Theorem 5.20 ([GM]). For OG-categories A , there is a natural weak equivalence of spectra
K(A G)→ (KG A )
G.
The inclusion ι : O → OG induces a forgetful functor ι∗ from genuine to naive permutative
5On the G-space level, operadic infinite loop space theory was first developed in unpublished work of Costeno-
ble, Haushild, May, and Waner in the early 1980’s.
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G-categories. Also, we have a forgetful functor i∗ from genuine to naive G-spectra.
Theorem 5.21 ([GM]). For OG-categories A , there is a natural weak equivalence of naive
G-spectra K ι∗A → i∗KGA .
By Proposition 4.13, since F (F ) = P(F ), the K-theory space of a field F with G-action
is the equivariant group completion of BCat(G˜,G L (F )), and as we have seen in the example
above, Cat(G˜,G L (F )) is a genuine permutative G-category. Therefore, we can define
KG(F ) = KG(Cat(G˜,G L (F ))).
Nonequivariantly, it is well known that using a construction of MacLane from [ML63], any
symmetric monoidal category C can be strictified to an equivalent permutative category C str,
and therefore we can apply the nonequivariant infinite loop space machine K to a symmetric
monoidal category by implicitly doing this replacement first. The category C str has objects
given by strings (c1, . . . , cn) of objects in C , and morphisms
(c1, . . . , cn)→ (d1, . . . , dm)
given by morphisms
c1 ⊕ · · · ⊕ cn → d1 ⊕ · · · ⊕ dm
in C . The symmetric monoidal structure is given by concatenation and the identity is given by
the empty string ().
This carries through equivariantly: if C is a symmetric monoidalG-category, then C str is nat-
urally also a symmetric monoidal G-category, with G-action given on objects by g(c1, . . . , cn) =
(gc1, . . . , gcn). Since G commutes with ⊕, we can define the action on morphisms by
g
(
(c1, . . . , cn)
f
−→ (d1, . . . , dm)
)
= (gc1, . . . , gcn)
gf
−→ (gd1, . . . , gdm).
It is not hard to see the inverse functors in the equivalence C ≃ Cstr are G-equivariant. There-
fore, given a symmetric monoidal G-category C , the naive permutative G-category C str is G-
equivalent to it. The upshot is that using this strictification implicitly, we can use the operadic
machine on symmetric monoidal G-categories.
Remark 5.22. Recall that when C is a symmetric monoidal category with G that only pre-
serves the symmetric monoidal structure up to coherent isomorphism, we have shown in Section
5.1., that the symmetric monoidal structure on Cat(G˜,C ) is preserved by the G-action on the
nose. So we by the the above construction the symmetric monoidal G-category Cat(G˜,C ) is
monoidally G-equivalent to the naive permutative category Cat(G˜,C )str. By using this equiva-
lence and Lemma 2.8, we get that Cat(G˜,C ) is G-equivalent to the genuine permutative category
Cat(G˜,Cat(G˜,C )str).
We give the following definition for all G-rings.
Definition 5.23. We define the equivariant algebraic K-theory spectrum of R as
KG(R) = KG
(
Cat(G˜, isoP(R))
)
,
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with the understanding that we have replaced the input symmetric monoidal G-category with
an equivalent genuine permutative G-category.
We note that since the zeroth spaceKG(R)(0) is the group completion of BCat(G˜, isoP(R)),
the spectrum KG(R) does indeed give deloopings of the K-theory space KG(R) we had already
defined. Alternatively, we can use the equivariant Segal machine for delooping this space, which
we address in the next section.
5.4.2 Equivariant Segal infinite loop space machine
Segal developed an alternative delooping machine to the operadic May machine in the cel-
ebrated paper [Seg74], which we will denote as S. The input is a Γ-space, which is just a
functor
X : F → Top, n 7→ Xn,
where F is a skeleton of the category of based finite sets6. A Γ-space is special if the map
δ : Xn → X
n
1 , induced by the projections δi : n → 1, is an equivalence. From a Γ-space, Segal
produces a spectrum, and he shows that for a special Γ-space, the spectrum is Ω, with zeroth
space the group completion of X1.
One can start with a Γ-category instead, i.e., a functor F → Cat and define it to be special
if the Γ-space obtained by applying the classifying space functor levelwise is a special Γ-space.
Segal gives a construction of a special Γ-category X from a symmetric monoidal category C ,
with X1 ≃ C . Therefore, S(C ), the spectrum obtained from the special Γ-space associated to
the symmetric monoidal category C , is Ω, with zeroth space the group completion of BC .
Shimakawa has generalized Segal’s machine in [Shi89] to produce an orthogonal genuine
Ω-G-spectrum starting from a special ΓG-space. A ΓG-space is a functor
X : FG → TopG, A 7→ X(A),
where FG is the category of finite G-sets and TopG is the category of G-spaces and nonequiv-
ariant based maps; G acts by conjugation on morphism sets. For any A ∈ FG, we have a
projection δa : A → 1, which sends all the nonbasepoint elements of A to 1 and the basepoint
to 0. A ΓG-space is special if the map δA : X(A)→ Map(A,X1) induced by these projections is
a G-equivalence for all A ∈ FG. We note that this map turns out to be a G-map even though
the individual maps δa are generally not G-maps.
Given a ΓG-space X , Shimakawa constructs a spectrum SGX with V th space given by the
two-sided bar construction B((SV )•,FG, X), where (S
V )• is the contravariant functor FG →
TopG defined on objects as A 7→ Map(A,S
V ). It is not hard to see that there are structure
maps
SW ∧B((SV )•,FG, X)→ B((S
V⊕W )•,FG, X).
The following is the main theorem in [Shi89].
6The opposite of Segal’s original category Γ turns out to be just F .
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Theorem 5.24 ([Shi89]). For a special ΓG-space X, the spectrum SGX is a genuine Ω-G-
spectrum, for which X1 ≃ (SGX)(0) if and only if X1 is grouplike.
Essential to our applications is that in general there is a group completion map X1 →
(SGX)(0), which Shimakawa does not prove, but we fill this gap in [MMO].
A ΓG-category is a functor FG −→ CatG, where CatG is the category of G-categories and
nonequivariant functors. It is special if the ΓG-space obtained by applying the classifying space
functor levelwise is special. Shimakawa generalizes Segal’s combinatorial way of constructing a
Γ-category from a symmetric monoidal category to construct a ΓG-category from a symmetric
monoidal G-category C . This ΓG-category is not necessarily special, but Shimakawa shows that
replacing C by the symmetric monoidal G-category Cat(G˜,C ) does yield a special ΓG-category,
and therefore, SG(Cat(G˜,C )), the machine applied to the special ΓG-category obtained from the
symmetric monoidal G-category Cat(G˜,C ), is a genuine orthogonal Ω-G-spectrum with zeroth
space the group completion of BCat(G˜,C ).
In [MMO], we prove that the two equivariant delooping machines agree; in particular, we
have the following result.
Theorem 5.25. [MMO] For a symmetric monoidal G-category C we have an equivalence of
orthogonal G-spectra KG(Cat(G˜,C )) ≃ SG(Cat(G˜,C )).
Corollary 5.26. There is an equivalence of orthogonal Ω-G-spectra
KG(R) ≃ SG
(
Cat(G˜, isoP(R))
)
.
5.5 Functoriality of KG
Now we address functoriality of the construction. Even nonequivariantly, the assignment
R 7→ P(R) is not a functor, but just a pseudo functor, since composition is not preserved
strictly. One way to rectify any pseudo functor landing in Cat to an actual functor is using
Street’s first construction from [Str72]. This generalizes equivariantly to strictify a pseudo
functor landing in GCat to an actual functor. We will tacitly assume this strictification from
now on, and address the new subtleties that arise and are specific to the equivariant case. The
issue that arises is that for a G-map of G-rings R → S, the functor P(R) → P(S) is not
equivariant, so it is not a morphism in GCat. So for sure the assignment R 7→ P(R) is not a
functor or even a pseudo functor. We show that this gets rectified after applying Cat(G˜,−).
Theorem 5.27. The assigment R 7→ KG(R) is a functor from the category of G-rings and
G-maps to genuine orthogonal G-spectra.
Proof. The equivariant infinite loop space machine KG is a functor from the category of genuine
permutative G-categories and G-maps between them to the category of genuine orthogonal G-
spectra. Thus it suffices to show that having a map of G-rings R→ S yields an equivariant map
Cat(G˜,P(R))→ Cat(G˜,P(S)).
Suppose f : R → S is a G-map of G-rings, and consider the functor P(R)→ P(S) defined
as M 7→M ⊗R S. Note that certainly gM ⊗R S 6= g(M ⊗R S) since the scalar multiplication is
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different in the two modules; however we go on to define an isomorphism
gM ⊗R S ∼= g(M ⊗R S).
Recall that in gM , the scalar multiplication is defined as r ·g m = grm, where g(−) denotes
the action of g on R. Define
gM ⊗R S → g(M ⊗R S), m⊗ s 7→ m⊗
gs.
First of all, we use the assumption that f is a G-map to show that this assignment is well-defined.
Note that for t ∈ R, we have the following identification in gM ⊗R S:
m⊗ ts ∼ f(t) ·g m⊗ s =
gf(t)m⊗ s,
Now
m⊗ ts 7→ m⊗ g(ts) = m⊗ gt gs ∼ f(gt)m⊗ gs,
and
gf(t)m⊗ s 7→ gf(t)m⊗ gs,
but these are equal since f(gt) = gf(t).
We check next that the assignment is S-linear: for t ∈ S,
t(m⊗ s) = m⊗ ts 7→ m⊗ g(ts) = m⊗ gt gs = t ·g (m⊗
gs).
Similarly, we can check that the inverse map
g(M ⊗R S)→ gM ⊗R S, m⊗ s 7→ m⊗
(g−1)s
is well-defined and S-linear, so that we have the claimed isomorphism.
It is not hard to see that these isomorphisms make the functor − ⊗R S pseudo equivariant,
and Proposition 3.3 provides the desired G-map
Cat(G˜,P(R))→ Cat(G˜,P(S)),
which in turn gives a map of genuine G-spectra
KG(R)→ KG(S)
by the functoriality of the equivariant infinite loop space machine KG.
5.6 Properties of the equivariant algebraic K-theory spectrum KG(R)
Now we can exploit the results that we have proved in section 4 about the homotopy fixed
points of module categories. An immediate consequence Theorem 5.20 and Proposition 4.10
is the following theorem, which says that we recover the classical nonequivariant K-theory of
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twisted group rings as the fixed points of our construction.
Theorem 5.28. If H ⊆ G and |H |−1 ∈ R, there is an equivalence of spectra
KG(R)
H ≃ K(RH [H ]).
By Lemma 4.16, we immediately get that the equivariant algebraic K-theory of G-rings is
equivariantly Morita invariant.
Proposition 5.29. If R and S are equivariantly Morita equivalent, then there is a G-equivalence
KG(R) ≃ KG(S).
6 Equivariant K-theory of Galois extensions
The algebraic K-theory of Galois extensions behaves particularly nicely as a result of faith-
fully flat descent and the fact that for G-Galois extensions the category of descent data has an
interpretation in terms of modules with semilinear G-action.
6.1 Galois extensions of rings
Galois extensions of rings have been introduced and first studied by Auslander and Golman
in [AG60]. For a ring extension R→ S, let AutR(S) be the group of automorphisms of S fixing
R. We recall the definition.
Definition 6.1. Let R → S be a faithfully flat ring extension and suppose that G is a finite
subgroup of AutR(S). The extension R→ S is Galois with Galois group G if the map
γ : S ⊗R S →
∏
G
S, a⊗ b 7→ ((g · a)b)g∈G. (8)
is an S-algebra isomorphism.
It is an easy exercise to see that R = SG. The wonderful fact about Galois extensions is that
if R → S is a Galois ring extension with Galois group G, then the category of S-modules with
semilinear G-action is equivalent to the category of S-modules with descent data, and in turn,
by faithfully flat descent this is equivalent to the category of modules over R.
In the proof of Proposition 4.8 we showed that for a G-ring S, the category of S-modules
with semilinear G-action is equivalent to the homotopy fixed point category Cat(G˜,Mod(S))G.
Thus we have the following proposition.
Proposition 6.2. Suppose R→ S is a Galois ring extension with Galois group G. Then there
is an equivalence of categories
Mod(R) ≃ Cat(G˜,Mod(S))G.
39
Suppose R → S is faithfully flat. Then an R-module M is finitely generated projective
if and only if the S-module M ⊗R S is finitely generated projective (see [Cha13, Prop. 2.12.]).
Therefore, the equivalence of categories mentioned above restricts to an equivalence between the
corresponding categories of finitely generated projective modules, and we obtain the following
analogue of Proposition 6.2.
Proposition 6.3. Suppose R→ S is a Galois ring extension with Galois group G. Then there
is an equivalence of categories
P(R) ≃ Cat(G˜,P(S))G.
This leads to the following theorem, which says that for a G-Galois extension R → S, the
G-fixed point spectrum of the G-equivariant K-theory of S is the same as the nonequivariant
K-theory spectrum of the fixed ring SG = R.
Theorem 6.4. Let R → S be a Galois extension of rings with Galois group G. Then there is
an equivalence of orthogonal spectra
KG(S)
G ≃ K(R).
Proof. By Proposition 6.3, we have an equivalence of categories
P(R) ≃ Cat(G˜,P(S))G.
By Theorem 5.20, we have
KG(Cat(G˜,P(S)))
G ≃ K(Cat(G˜,P(S))G).
Therefore,
KG(S)
G ≃ K(R).
Example 6.5. For any finite G-Galois extension of fields E/F , KG(E)
G ≃ K(F ). In particular,
this recovers K(Q) as the fixed point spectrum of the genuine equivariant K-theory spectrum
of any finite Galois extension of Q.
Example 6.6. For any ring R, the diagonal map R → R × R is a Galois extension with group
Z/2Z, where the nontrivial element acts on R×R by interchanging the factors. Thus,
KZ/2Z(R ×R)
Z/2Z ≃ K(R).
6.2 Strong form of Hilbert’s theorem 90
As an accidental corollary of our interpretations of homotopy fixed point categories of mod-
ules, we obtain a new proof of Serre’s generalization of Hilbert’s theorem 90. The original Hilbert
90 theorem states that for a Galois extension E/F with Galois group G, the cohomology group
H1(G,E×) is trivial. This theorem is reproved in [Del77] using faithfully flat descent. In the
same spirit, we use Proposition 6.2 to give an alternative proof of the generalization of Hilbert’s
theorem 90, which is due to Serre:
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Theorem 6.7 (Serre). The nonabelian cohomology H1(G,GLn(E)) is trivial.
Proof. Faithfully flat descent gives an equivalence of categories between the category of F -
modules and the category of descent data, which in turn is equivalent to the category of
E-modules with semilinear G-action. From the proof of Proposition 4.8, the latter is just
Cat(G˜, isoMod(E))G. Note that
∐
nGLn(E) is a skeleton of isoMod(E), and by Proposi-
tion 2.16 we have a weak equivalence
Cat(G˜, isoMod(E))G ≃ Cat(G˜,
∐
n
GLn(E))
G.
Using that
∐
nGLn(F ) is a skeleton for isoMod(F ) and the description of the fixed points of
Cat(G˜, GLn(E)) given in Theorem 2.14, we have∐
n
GLn(F ) ≃
∐
n
Cat×(G,GLn(E)),
where Cat×(G,GLn(E)) is the crossed functor category defined in Theorem 2.14. Therefore,
for any summand in the coproduct, there is only one isomorphism class of objects. Now we
note that the isomorphism set of objects in Cat×(G,GLn(E)) is precisely the first nonabelian
cohomology set H1(G,GLn(E)).
This gives the following result, which we could have used directly to conclude that for a finite
Galois extension of fields E/F with Galois group G we have an equivalence KG(E)
G ≃ K(F ).
Proposition 6.8. There is a symmetric monoidal weak G-equivalence
ι : G L (E)→ Cat(G˜,GL (E)).
Proof. By Proposition 2.15, we have that the map
ι : G L (E)H → Cat(G˜,G L (E))H
is an equivalence precisely when H1(G,GLn(E)) is trivial, and this is true in this case by
Theorem 6.7. Now also note that
G L (E)H = G L (EH).
This completes the proof.
Remark 6.9. Let k be a field with separable closure k¯ and absolute Galois group Gal(k¯/k),
which acts continuously on the discrete group k¯×, or more generally, on GLn(k¯). We have that
H1(Gal(k¯/k), GLn(k¯)) = colim H
1(Gal(L/k), GLn(k¯)), where the inclusions of H
1 groups in
the colimit come from the inclusions of cocycles (continuous crossed homomorphisms in this
case). We get an equivalence analogous to the one in Proposition 6.8:
G L (k)
≃
−→ Cat(Gal(k¯/k),G L (k¯))Gal(k¯,k).
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However, the equivariant infinite loop space machines, as currently developed, do not apply
to profinite groups, so we cannot pass from this statement to a spectrum level statement. We
do hope, though, that in future work we will be able to generalize the delooping machines to
profinite groups.
6.3 Quillen-Lichtenbaum formulation
Let E/F be a finite Galois extension of fields with Galois group G = Gal(E/F ) on E.
Since G acts on E, it acts by functoriality on the spectrum KE, so KE is a naive G-spectrum.
The fixed points of this naive G-spectrum are easily seen to be (KE)G ≃ KF . The initial
Quillen-Lichtenbaum conjecture was that the map of spectra
KF ≃ KEG −→ KEhG
is an equivalence, where KEhG denotes the homotopy fixed points of the naive G-spectrum
KE. However, low dimensional examples disprove this conjecture as stated even after p-adic
completion for a prime p [Mit94]. Thomason showed that under some technical hypotheses this
map becomes an equivalence only after reducing mod a prime power and inverting the Bott
element [Tho85].7
One might ask the same question of the map from fixed points to homotopy fixed points of the
genuine K-theory G-spectrum of KG(E) and hope that it becomes an equivalence there, but we
show that that map is equivalent to the one in terms of naive spectra from the original Quillen-
Lichtenbaum conjecture. In [HH13], J. Heller and J. Hornbostel give a definition of a genuine
equivariant algebraic K-theory spectrum by constructing a certain special FG-space, and they
show that for their construction the map from fixed points to homotopy fixed points becomes
an equivalence when a lift of the Bott element is inverted. We believe that our definitions could
suitably be related and then the result of this section could be viewed as a reflection of their
theorem.
The definition of fixed points and homotopy fixed points of a genuine G-spectrum is just as
the fixed points, or homotopy fixed points, respectively, of the underlying naive G-spectrum.
However, for an arbitrary ring with G-action, the underlying naive G-spectrum of KG(R) is
not necessarily equivalent to the naive G-spectrum K(R). We review the precise definition
of homotopy fixed points of a fibrant genuine orthogonal G-spectrum X . Note that a fibrant
spectrum is an Ω-G-spectrum.
Definition 6.10. Let X be a fibrant genuine orthogonal G-spectrum. Then XhG is defined to
be the fixed point spectrum
Map∗(EG+, X)
G = (i∗Map∗(EG+, X))
G ≃ Map∗(EG+, i
∗X)G,
where i∗ is the forgetful functor from genuine to naive G-spectra.
7The Quillen-Lichtenbaum conjecture has been refined to the statement that the map from fixed points
to homotopy fixed points of the separable closure of a field for the action of the absolute Galois group is an
equivalence mod p on a connected cover, and was resolved in the two primary case by Rosenschon and Østvær
in [RØ05]. The result at the prime 2 was already known by work of Levine for fields of finite cohomological
dimension [Lev], and it is known that the proof of the Bloch-Kato would extend the result for such fields to other
primes.
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Just as for G-spaces and naive G-spectra, we have a natural map XG −→ XhG, induced by
the projection EG+ → S
0.
Proposition 6.11. Let E/F be a finite Galois extension with Galois group G. The map from
fixed points to homotopy fixed points of genuine G-spectra
KG(E)
G −→ KG(E)
hG
is equivalent to the map from fixed points to homotopy fixed points of naive G-spectra
KF −→ KhG
in the sense that the following diagram commutes and the vertical maps are weak equivalences
KF //
≃

KEhG
≃

KG(E)
G // KG(E)hG
From Example 6.5, we have that KF ≃ KG(E)G. We show in the next proposition that
KG(E)
hG ≃ K(E)hG, where on the left hand side we are taking homotopy fixed points of a
genuine G-spectrum, and on the right hand side we are taking homotopy fixed points of a naive
G-spectrum. As pointed out above, this amounts to comparing the underlying naive G-spectra,
and noting that in the case of a Galois extension they are equivalent. This proves the above
proposition, and thus we recover the initial form of the Quillen-Lichtenbaum conjecture as a
statement about genuine G-spectra.
Lemma 6.12. For a Galois extension E/F with Galois group G, the homotopy fixed points of
the naive G-spectrum KE and the homotopy fixed points of the genuine G-spectrum KG(E) are
equivalent.
Proof. We will show that we have an equivalence of naive G-spectra i∗KG(E) ≃ KE, which
will imply the result. Recall that KE is defined as the K theory of the naive permutative G-
category G L (E), whileKG(E) is the equivariant algebraicK-theory of the genuine permutative
G-category Cat(G˜,G L (E)). We have a map
K(G L (E))→ K(i∗(Cat(G˜,G L (E)))
≃
−→ i∗KG(Cat(G˜,G L (E))),
where the second map is shown to be an equivalence in [GM].
By Proposition 6.8, there is a symmetric monoidal weak G-equivalence
G L (E) ≃ i∗(Cat(G˜,G L (E)),
so the first map is also an equivalence.
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6.4 Carlsson’s assembly map from the equivariant perspective
There has been a long standing program initiated and lead by G. Carlsson of studying the
K-theory of fields motivated by the concept of descent and the Quillen-Lichtenbaum conjecture.
Suppose that E/F is a Galois extension with Galois group G. We can consider the assembly
map induced in K-theory by extension of scalars
RepF [G]
E⊗F −−−−−−→ V G(E), (9)
from the category of continuous finite dimensional G-representations in F , which is denoted
by RepF [G] in [Car11], to the category of finite dimensional E-vector spaces with semilinear
G-action, or equivalently, the category of E-vector spaces with descent data for the faithfully
flat extension E/F , denoted by V G(E) in [Car11], and which is equivalent to the category
Vect(F ) of finite dimensional F -vector spaces by Proposition 6.2. Since all these categories
are nonequivariant symmetric monoidal categories, their K-theory spectra are defined by using
standard nonequivariant infinite loop space machines such as the May [May72] or the Segal
machine [Seg74].
Carlsson conjectured that for the Galois extension F¯ /F with absolute Galois group G and
an algebraically closed subfield k →֒ F the composite
Repk[G]→ RepF [G]
F¯ ⊗F −−−−−−→ V G(E) ≃ Vect(F ). (10)
induces an equivalence on K-theory after derived completion, i.e.,
K(Repk[G])
∧
αp −→ K(F )
∧
αp ≃ K(F )
∧
p .
Carlsson defines the derived completion of a ring spectrum in [Car08] and shows that for KF
the derived completion agrees with the Bousfield-Kan p completion, which accounts for the
identification made above on the right hand side. This conjecture has recently been proved by
G. Carlsson for pro-l absolute Galois groups in [Car] and [CR]. Attacking the problem from the
perspective of full-fledged equivariant spectra might eventually shed some light on the general
case. C. Barwick has announced such a proof from an∞-categorical point of view using spectral
Mackey functors.
The key to any equivariant point of view is, of course, to interpret the assembly map as the
fixed point map of an equivariant map between genuine G-spectra. We show how to construct
such an equivariant map. On the categorical level our definition makes sense for the separable
Galois extension of a field and the profinite Galois group; however, we only know how to obtain a
map of genuine G-spectra for a finite Galois extension at the moment, because of the limitations
of the equivariant infinite loop space machines. It is very easy to see that the source and target
of the assembly map are instances of fixed points of our construction of equivariant algebraic
K-theory, but it is non-trivial to see that there is an equivariant map which restricts to the
assembly map on fixed points. This relies on the fact that our construction of equivariant
algebraic K-theory turns pseudo-equivariant maps to on the nose equivariant maps.
Proposition 6.13. Suppose E/F is a finite Galois extension with Galois group G. There is a
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G-map of genuine G-spectra
KG(F ) −→ KG(E),
which, on G-fixed points, restricts to the assembly map
K(RepF [G]) −→ K(V
G(E)).
Proof. It is easy to identify the source and target. From Proposition 4.8, the category V G(E)
of E-vector spaces with semilinear G-action is isomorphic to Cat(G˜,Vect(F ))G. As we have
remarked before, if G is acting trivially on F , Cat(G˜,Vect(F ))G ∼= Cat(G,Vect(F )), the category
of F -vector spaces with G-linear action, i.e., the category of continuous G-representations over
F . Thus RepF [G]
∼= Cat(G˜,Vect(F ))G. Therefore, the map from equation (9), translates to a
map
Cat(G˜,Vect(F ))G −→ Cat(G˜,Vect(E))G.
It remains to show that we indeed have an equivariant map
Cat(G˜,Vect(F )) −→ Cat(G˜,Vect(E)),
inducing this map on fixed points.
Note that the extension of scalars map Vect(F )
E⊗F −−−−−−→ Vect(E) is not a G-map. The action
of G on Vect(F ) is trivial; however, for V ∈ Vect(F ), the object E ⊗F V is not G-fixed:
E ⊗F V 6= g(E ⊗F V )
since they have different scalar multiplication. However, we have shown that the extension of
scalars map is pseudo equivariant, thus by Proposition 3.3 this induces an equivariant map
Cat(G˜,Vect(F ))→ Cat(G˜,Vect(E)), which on application of the equivariant infinite loop space
machine KG yields a G-map
KG(F ) −→ KG(E),
which restricts to the assembly map on fixed points.
7 Equivariant algebraic K-theory of topological rings
We describe how our construction of equivariant algebraic K-theory recovers the connective
covers of the the well-known equivariant topological real and complex K-theories KUG and
KOG, defined in [Seg68] and Atiyah’s Real K-theory KR, defined in [Ati66]. When Atiyah
introduced KR, he described it as a mixture of real K-theory KO and equivariant topological
K-theoryKUG andKOG. We show that they all fit under the unifying framework of equivariant
K-theory developed in this paper.
In this section, any time we refer to topological K-theory, we mean the connective version.
We denote by kuG, koG and kr the connective covers of KUG, KOG, and KR, respectively.
Whereas the first two are well studied, the latter is not so well-known. A construction of the
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connective cover of KR is given, for example, in [Dug05].
Recall that as topological groups GLn(C) ≃ Un and GLn(R) ≃ On, and if one takes the
topology into account when forming the bar construction, BGLn(C) and BGLn(R) are equiv-
alent to the Grassmanians BUn and BOn. We recall that the representing spaces for complex
and real topological K-theory, namely BU × Z and BO × Z, are the group completions of the
topological monoids
∐
BUn and
∐
BOn, respectively. Therefore,
Ktop(C) ≃ ku and Ktop(R) ≃ ko,
where Ktop is algebraic K-theory for which the topology on the ring is taken into account when
forming the bar construction.
We note that kuG and koG are represented by the G-spaces which are the group completions
of the monoids of equivariant bundles corresponding to split extensions
1→ Un → Un ×G→ G→ 1 (11)
and
1→ On → On ×G→ G→ 1, (12)
respectively.
Consider the topological rings C and R with trivial G-action for any finite group G. Then
KG(C) and KG(R) are genuine Ω-G-spectra with zeroth spaces given by the group completions
of
∐
BCat(G˜, GLn(C)), and
∐
BCat(G˜, GLn(R)), respectively, where the topology of GLn(C),
and GLn(R), respectively, is taken into account when forming the classifying space. By Theo-
rem 5.11, these are the monoids of classifying spaces of (G,Un)-bundles, and (G,On)-bundles,
respectively, under Whitney sum. Note that here it was crucial that in the hypotheses of The-
orem 5.11, even though the group of equivariance G has to be discrete or finite, the structure
group of the bundle is allowed to be compact Lie. Therefore, we obtain the following theorem,
where KtopG is G-equivariant algebraic K-theory for which the topology of the ring is taken into
account.
Theorem 7.1. Consider the topological rings C and R with trivial G-action for any finite group
G. We have equivalences of connective Ω-G-spectra
K
top
G (C) ≃ kuG and K
top
G (R) ≃ koG.
In the definition of KR, the bundles corresponding to split exact sequences (11) are replaced
by equivariant (C2, Un ⋊ C2)-bundles corresponding to split exact sequences
1→ Un → Un ⋊ C2 → C2 → 1, (13)
where the cyclic group of order 2, C2, acts on Un by complex conjugation.
Atiyah shows a “Real” version of Bott periodicity, which gives that the representing space
for KR has deloopings with respect to C2-representations, and thus KR represents a genuine
Ω-C2-spectrum. Of course, [Ati66] does not mention spectra and instead states the result in
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terms of a periodic RO(C2)-graded cohomology theory.
The zeroth space of the connective spectrum kr is the group completion of the topological
C2-monoid of (C2, Un ⋊ C2)-bundles, which by Theorem 5.11 and because the equivalence of
topological groups GL(C) ≃ Un is C2-equivariant, is equivalent to
∐
BCat(G˜, GLn(C)). There-
fore, we get the following theorem.
Theorem 7.2. Let C be the topological ring of complex numbers with conjugation action by C2.
Then there is an equivalence of connective Ω-C2-spectra
K
top
C2
(C) ≃ kr.
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